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V.4. Plosny integral vektorové funkce

Necht @ je jednoduchd hladkd plocha orientovand v bodech X € Q jednotkoviim vektorem
normdly 1°(X). Necht f je vektorovd funkce omezend na @ a necht skaldrni funkce
(f . ﬁ") je integrovatelnd na plose Q). Potom tikdme, Ze f je integrovatelnd na Q) a

J[ 5= [[ () (x) )b

Je-li X = P(u,v) parametrizace plochy Q definovand na mnoziné B C Es, pak plosny
integral vektorové funkce f lze primo spocitat dle vzorce:

//Qf( df = i// (P xP)dudv,

pricemz znaménko vybirame podle toho, zda je plocha () orientovdina souhlasné, resp.
nesouhlasné, s parametrizaci P(u,v), tzn. je-li (Pu X PU) -ﬁ"(X) = 0.

POzZNAMKA : Nékdy se pouziva i jiné znaceni : Je-li f = (U, V,W), pak plosny integral
vektorové funkce f se da zapsat ve tvaru

// f-dﬁ://Udyderdederdedy
Q Q

e Vypocitejte dané plosné integraly / f - dp na plose ) C Es, kterd je orientovana
Q

danym normélovym vektorem.

Priklad 643. f = (x,y,2), Q=A{lr,y,z] €Es; 2 €(0, a), y€(0,a), z=a, a> 0}
je orientovéana vektorem k = (0,0, 1).

Resent : -

v) = [u,v,al, B =(0,a) x (0,a)
P, =(1,0,0) x (0,1,0) = (0,0,1) = @ je orientovand souhlasné s parametrizaci

//f dp = //xy, dp = //uva xP)dudv:
://B(u,v,a)-(0,0,1)dudv:a//Bldudv:a-a?=a3.

Priklad 644. f = (z,9y,22), Q={[r,y,2] €E3; z+2y+2=6, x>0, y >0, z>0},
normélovy vektor plochy @) svird s vektorem k = (0,0, 1) ostry thel.

| &
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Resent
zZ

€r =2, ZL'G(O, 6>
y=1v, x
6oy, ve{03-3)

e

i

Ple,y)=le,y.6—c -2y, B={lyeEx0<a<60<y<3—7}

P, x Py, =(1,0,—-1) x (0,1,-2) = (1,2,1)
vektor (1,2, 1) svird s vektorem k ostry uhel, tzn.(1,2,1) - kE>0=

= (@ je orientovand souhlasné s parametrizaci

//f dp — //Zy,zx = // =2y, 20) - (1,2,1) de dy —
// 6+ ) d:cdy—/(6+a:) Mz x/de_/O <18—%)daz—[18x—%]z:72

Priklad 645. f = (y,z,22), Q
dé

{[z.9,2] €Bs; a® +9? =16, 0< 2 <3, 2 <0, y >0},
plocha je v bo 4,0

,0] orientovana normélovym vektorem i = (1,0, 0).

-

Resent :
Z Ny [ ,
@ je ¢ast valcové plochy =
pouzijeme cylindrické souradnice, kde r = 4
= s
x 4cpsu, we <_’ 7T>
@< y=4sinu, 2
zZ =", v E <0, 3>
X
P(u,v) = [4cosu,4sinu, v] B:<g > (0, 3)
P, x P, = (—4sinu,4cosu,0) x (0,0,1) = (4cosu 4sinu,0)
7i([—4,0,0]) = (4cosm,0,0) = (—1,0,0) = —7 = Q je orientovand nesouhlasné s parametrizaci

/ f dp'= — // 4smuv 16 cos? u)(P xP)dudv—

= —// (4sinu,v,16cosQu) - (4cosu,4sinu,0) dudv =
B

s 3 ™ 2 3
:/ (/ (—881n2u—4vsinu)dv> du:/ [(—8vsin2u—4%sinuﬂ du =
T 0 % 0

™

—24sin2u — 18sinu du = [12c0s2u+ 18(:osu] =12—-18+12=6

|
w\ﬂ\ N
[SE]

n
Priklad 646. = (y,2,2), Q={[z,y,2] €Es; 2> +3>— (2 —1)> =0, y <0,
1 <z <3}, 7 svird s vektorem k = (0,0,1) tupy thel, tzn.
ng -k <0.
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Resent :
Pyt — (217 =
Z—l—\/x2+y = z=1+ a2 +y?
T=veosu g (r o
Q< y=wvsinu,
z=1+w, v €(0,3)

P(u,v) = [vcosu,vsinu, 1 + v] B = (m,2m) x (0, 3)

P x P, = (—vsinu,vcosu,0) X (cosu,sinu, 1) =

(v cosu,vsinu, —v)
(vcosu,vsinu, —v) - (0,0,1) = —v <0

= (@ je orientovand souhlasné s parametrizaci

//f dj = // vsinu, vcosu, 2) - (P xP)dudv_

://(vsinu,vcosu,Q)'(vcosu,vsinu,—v)dudv://(21} sinwucosu — 2v) dudv =
B B

= v 3(vzsin2u—20) dv ) du = " U—gsin2u—v2 3du:
x 0 x 3 0

27 3 92 o
:/ [9sin2u—9] du:9[—cozu_u] _ _or
- 0

™

Priklad 647. f:(y,x,z), Q={[r,y,2] €E3; 2=6—22—2y* 0< 12 <2,

0<y<1,z>0} fig svird s vektorem k= (0,0, 1) ostry uhel.
Resend :

Q) je ¢ast paraboloidu

0 5:5’ z € (0,2)
P 6’_ 172 _2y2’ Yy c <0,1>

P(z,y) = [z,y,6 — 2 — 2y2] B =(0,2) x (0,1)

Py x RJ = ( 0, _21;) (07 1, _4y) (21: 4y7 1)
(2z,4y,1) - (0,0,1) >0

= (@ je orientovand souhlasné s parametrizaci

//f dj = // Y, 6 — 22 — 2?) - (P xP)dxdy—
// Y, 2,6 — 22 — 22) - (2, 4y, )d:z:dy—/ (/01(693y+6—x2—2y2)dy)dx:
= [ [ +ov—uwt = 2] o= [ (360 3) o =
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Priklad 648. f = <:L'z2,yz2, (22 + y2)z>, Q:x=wvcosu, y=vsinu, z = bu
(Sroubova plocha), [u,v] € (0,a) x (0,27) (a > 0,b > 0), orientovéna
normélovym vektorem 7ig = (ny, ng, ng), kde ng > 0.

Reseni J P
P(u,v) = [vcosu, vsinu, bu] B = (0,a) x (0,2)
P, = (coswu,sinu,0), P, = (—vsinu,vcosu,b)
e P, x P, = (bsinu, —bcosu,v)
. v >0 = orientace plochy je souhlasnd s parametrizaci
nQ

//Qf.dﬁ://Q (w22, y2%, (02 + 9)2) - i =

= // (b?u?v cos u, b*uv sin u, buv?) - (bsinu, —bcosu, v) du dv =
B

= // (b?’vu2 sin w cos u — b3vu? sinu cos u + bv3u) du dv = // bodududv =
B

B
4 2

< [ ) af T [5]  fen .

Priklad 649.% Vypocitejte // Adrdy, Q={[r,y,z2] €Ey; 2%+ 19>+ 22 =4,
Q
x<0,y>0,2z>0}, ng svird s vektorem k£ = (0,0, 1) ostry thel.

Resent
“ Q je cast kulové plochy =
pouzijeme sférické souradnice, kde r = 2 :
s
T = 2C0osuCcosv —<u<nm
Q yzQs?nucosv -
= 2sinwv 0<v< 5
/
x
. . s s
P(u,v) = [2cosucosv, 2sinucosv, 2sinv| B = <§,27r> X <07 §>

P, = (—2sinucosv, 2cosucosv, 0) P, = (—2cosusinv, —2sinusinv, 2cosv)

P, x P, = (4cosucos® v, 4sinucos® v, 4sinvcosv) @ je orientovand souhlasné s parametrizact

//6222dxdy=//Qf~d]7://62(0,07z2).dﬁ:

= // (0,0,4sin*v) - (4 cosucos® v, 4sinucos® v, 4sinv cosv) =
B

g 3 ind /2

:/ / 16 sin® v cos v du dv = 16-%[8111 U] = 971,
z Jo
2

4 Jo
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e Urcete tok vektorového pole f plochou @ C [Ej orientovanou danym normalovym
vektorem 7.

P#iklad 650. f = (x,y — 2,22), @ je trojihelnik o vrcholech A, B, C, kde
A=13,0,0], B=10,2,0], C =1[0,0,6], 7-i<0.

Reseni : Tok vypocteme tentokrat podle definice, tj. prevedenim na integral skaldrni

funkce.
i~ () je Cast roviny, jejiz rovnici napiSeme v usekovém
C tvaru :
x Yy oz
-+ -+=-=1=2r+3y+2=6
37276 Y

Q je rovina s normélovym vektorem 7 = £(2,3,1)
z podminky 7 - i < 0 plyne, ze 7t = —(2,3,1)

ﬁo_i_ 7(25371) _7(27351)
Y |77] 1+9+1 V14

B

A
//Qf. dﬁz//@f. ﬁOdp://Q(ac,y—zﬂz).%dp:

:\/%//62(—231:—334—1—32'—22)611):\/%//62(2—256—33/)6529:

-2
P(z,y) = [z,y,6 — 22 — 3y] 0§x§3,0§y§6 i

Py x P, =(1,0,—-2) x (0,1,-3) = (2,3, 1) |Pe x Pyl =vVI+4+9=+14

6—2x

:\/%//1)(6—2x—3y—2x—3y)\/ﬁd:vdy:/:(/0 3 (6—4w—6y)dy)dw=

6—2x 3

’ 3 4 4373
=/ [Gy—4xy—3y2] ’ dxz/ (—4x+—x2> dx = [—2:1024——2;} -6 m
0 0 0 3 9 lo

Priklad651. f = (22 — %42 — 22,22 —22), Q=Q1UQ,, kde Q, = {[z,y,0] € Es;
2+ y? < 1,2 >0,y >0},Q = {[r,0,2] € Eg;2? + 22 < 1,2 >0,z > 0},
jednotkovym vektorem normély plochy @) je 1§ = —7.

Resent :

V souladu s normélovym vektorem 7§ = —; bude
jednotkovy vektor normaly plochy (1 77 = —k.

//f-dﬁ—/Qlf-dm/QQf-dp*

Q1UQ2

P(u,v) = [vcosu,vsinu, 0] B1 =(0,7/2) x (0,1)
Q1:| PuxP, = (—vsinu, v cosu,0) x (cosu,sinu,0) = (0,0, —v)
(0,0,—v)-(0,0,—1)=v >0 = @ je orientovand souhlasné s parametrizaci
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o w/2 1
/ fdﬁ:// vchSZUdudv:/ (/ v30082udv> du
Q1 B 0 0
1 w/2 441 7r/21 2 1
:/ U3dv./ cos?udu =[] / 1+ cos2u
0 0 0

v d :_[

4o ;s
By = (0,7/2) x (0,1)

P, x P, = (—vsinu, 0,vcosu) X (cosu,0,sinu) = (0, —v,0)

P(u,v) = [vcosu,0,vsinu]

Qz :
(0, —v,0)-(0,—1,0) =v >0

= (@2 je orientovand souhlasné s parametrizaci
. w/2 1
/ f-dﬁ—// vgsin2ududv—/ (/ vgsin2udv)du
Q2 Bs 0 0
4

vl /”/2 1 — cos2u 1 sin 2u17/2 T
[ [ -
410 Jy 8

9 - 2 o 16°

J] £oam=[[ Foare [[ Foar=G

Q1UQ2

Priklad 652. f = (y, —z, 2),

Q = {[.f,y,Z] S Eg,Z - 4_1;2 _y27 z 2 0}7 .]eJiZ
normalovy vektor spliuje podminku 7 - k£ > 0.

@ je rotacni paraboloid

0 Zf:gsfnsg u € (0, 27)

P(u,v) = [vcosu,vsinu, 4 — v B ={0,27) x (0,2)
P, x P, = (—vsinu,vcosu,0) x (cosu,sinu, —2v) = (—2v? cos u, —2v? sinu, —v)
(202 cos u, 2v% sinu, —v) - (0,0,1) = —v < 0

= (@ je orientovand nesouhlasné s parametrizaci

)
//Qf'dﬁ:i//Bf'(Puva) du.dv =

— // (U sinu, —v cosu, 4 — vz) - (=20? cos u, —2v*sinu, —v) du dv =
B

2 21 U4 2
// (4v—v3)dudv:/ (4v—v3)dv-/ 1du:27r[2v2——} =8
B 0 0 4o

Priklad 653. f: (—y,z,2), Q=A{lr,y,2] €Es; z=4— /a2 +y? 1 <2z<3},
normélovy vektor 77 = (ny,n2,n3) ma ns > 0.

Q@ je cast kuzelové plochy

=
N\
SN
S

oo
by

2
L]

o\

=
2\
093
2
1

|
I

S

S

N\

..
>
%7

1<2<3 =

R - =

DN SSSSSEESST U N
INNESSSSE==e o)

NS S=S====22%7 2 2
S S=====2297, 1<zr+y <9
NN SS=====227/ > Yy =
NNSS=====oT7

NSSS=====—co

—— ——
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P(z,y) = [z,y,4 — /22 + y?] B = {[z,y] € Ea; 1522 + 2 <9}

Pex By = (1’0’\/%7112) x (0’1’ \/ﬁ) - (\/mf—&—y?’ \/I2y+y2’1)’

tieti souradnice je kladnd = (@ je orientovand souhlasné s parametrizaci

//f.dﬁ=+/ f-(Pyx P)) dedy =

Y _
// —y, x4 — 22+ 2) - (\/x2+y Nz )dxdy_

T =1TCcosp 1<r<3
:/ 4—\/£U2—|—y2 dxdy: y=rsing | 0<¢<2rm =
B J=r

3

:/13(/027r(4_7=).rdr> dg0:271'[27“2—%i|j = %ﬂ'.

Priklad654. f = (z,y,2), Q{[z,y,2] € Bs;a2 +9y> = 9,0 < z < 4}, plocha je

v bodeé [3,0,4] orientovdana normélovym vektorem 7 = —i = (—1,0,0).
Resent : z
A= Q@ je elipticka valcova plocha =
g7 pouzijeme zobecnéné cylindrické souradnice

o T2 0cus
y= 0<v<4
z=0

= [3cosu, sinu, v] B = (0,27) x (0,4)
= (—3sinwu,cosu,0) x (0,0,1) = (cosu, 3sinu,0)
= (1,0,0) = orientace plochy neni souhlasnd s parametrizaci

| i([3,0,4]) = fi(u = 0,v = 4)

: (
//f-dﬁ:i//f-(Puva) dudv =
Q B
4 2m
:—/ (/ (BCosu,sinu,v)-(cosu,BSinu,O)du)dv:
o “Jo

4 2w
:—/ (/ (SCos2u—|—3:sin2u)du>dv:—3-27r-4:—247?. n
0o “Jo

Priklad655. [ = (—y,z,2%%2), Q = {[z,y] € Ey; a2+ 42+ 22 = a% 2 <0, a > 0},
normdlovy vektor 71 svird s vektorem k = (0,0, 1) tupy thel.

Resent :

@ je cast kulové plochy

2yt 2=a% 2<0=

2

z=—\/a?— 2% —y?
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Pz,y) = [z,y, —\/a? — 2% — y? B ={[z,y] € Ez;2° +y* < a’}
S R, B (T —
a2 — 22 — 32 a2 — 22 — 32
—z —y
Pox Py = ( : 1)
Y VaZ — a2 — 2 \/a2—3:2—y27
z podminky 7ig - (0,0,1) < 0 = orientace plochy neni souhlasnd s parametrizac{

//(—y,x7x2y22)-dﬁ=

Q

_ 2,2 /2 2 2 — —Y _

= - —y,r, —r7y"\a' —x —y>~ ; | dedy =
//B< <\/a2—w2—y2 \/a2—x2—y2 )

T =1TCcosp 0<r<a
://nyQ\/cﬁ—x?—y?dxdy: gzrsinnp | 0<p<2r | =
B =r

2 a
—/ / rtsin? p cos? Va2 —r2 - rdrdyp =
0

a? —r?=4¢2
—rdr =tdt

2
—/ sin <p(1—sm<pdgo/ Wa2—r2rdr =
0

w/2 0
= 4/ (sin? o — sin® ) dy - / (a® — %)%t - (—t) dt =( viz pi. 21)=
0 a

1 3-1 ¢ ¢ t*  t7a
:4<—-Z——-Z> /(a4—2a2t2+t4)t2dt 4[@4——2a—+—] =
0

2 2 4.2 2 3 5 Tlo
T <a7 2a" n a7> 2T - .
= — —_—— — P— _a
4\3 5 7 105

e Je dana vektorova funkce f a plocha Q.
a) Nacrtnéte danou plochu. Navrhnéte jeji parametrizaci a k ni napiste vektor kolmy
k plose Q.
b) Vypocitejte tok zadaného vektorového pole JF plochou ) pii orientaci danym
normalovym vektorem 7.

656. f=(32,2y.2), Q={[r,y.2]€Bs; 20+2y+2=40<2<1,0<y<1},
i svird s vektorem k = (0,0, 1) ostry thel.

. a) P(z,y) = [z,y,4 — 2z — 2y],
| B={[z,y] €E»0<z<1,0<y<1},
Py x Py =(2,2,1)
b7
2y
657.f:(z,x,y), Q={[r,y, 2] €Bs;0+2 =2, 2° +y* < 4}, ﬁ":%(l,o,l)

2 a) P(u,v) = [vcosu,vsinu,2 — v cosul,
| B={[u,v] €E},0<u<2mr,0<0v<2
P,

uXPv:(U,07U)
b) 8w
s\
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658. f: (,0,22), Q={[r,y,z] € Ez; 2 =2a>+y> 2 <9}, normdlovy vektor svira
s vektorem k = (0,0, 1) thel tupy.
[ a1) P(z,y) = [z,y,2° + 7], T
B = {[z,y] € Ez; 2% +y* <9},
z P, x P, = (—2x,—2y,1)
az) P(u,v) = [vcosu,vsin u, v?],
B = {[u,v] € E2;0 <u <2, 0<wv <3},
P, x P, = (2v% cosu, 2v* sinu, —v)

Ty b)_8177r

L 2 J
659. f: (_yaxa Z)a Q = {[.’ﬂ,y,Z] €E3; 2= V r? + y2, z2<3, x> O}a HOI“HIélOV)//
vektor svird s vektorem k = (0,0, 1) ostry thel,

a1) P(z,y) = [z,y, /2 + 2], 1

B = {[z,y] € Ez; 2% +y* < 9},
—r —y
P x Py = ( , ,1)
v \/xQ + 42 \/xQ +yc?
az2) P(u,v) = [vcosu,vsinu,v],
B = {[u,v] € E2;0 <u <27, 0<wv <3}
Py P, x P, = (vcosu, vsinu, —v)

Yy b) 9

660. f: (Q?,y,—QZ), Q:{[x,y,z] EE?”ZU:Q— VI2+22, y23}7 ﬁj<0
[ a1) Pz, 2) = [a:,g— Va2 +22,z},
B = {[z,2] € Eo;a® + 2% <9},

T z
2 wapzz( 1, )
) V2 + 22 V2 + 22

az) P(u,v) = [vcosu,9 — v, vsinu],
B ={[u,v] € E2;0 <u <27, 0<v <2},

T y P, x P, = (vcosu, —v, vsinu)
| b) — 1087 i
661. f: (z,y,—2), Q={lx,y,2] € By:a®+ 12+ 22 =4, z >0}, 7([2,0,0]) = —q
[ al)P(.%Z):[ 47y27225y32}7 T
B ={[y, 2] € Ea;9* +3* < 4},
pxp=(1,——% __ %
5 y X ( \/y2+22 \/y2+2,2)

az) P(u,v) = [2cosucosv,2sinucos v, 2sinv],

T T T
RENEL)
P ~ 272 22 2 5 )
T y P, X P, = (4 cosucos” v, 4sinwucos” v, 4cos” vsinv)
167
p) — 1
L 0) 3 |

e Urcete tok vektorového pole f plochou ) C E3 orientovanou normaélou 7 :

662. f = (0,0,2), @ je trojihelnik o vrcholech A =1[0,0,0], B =[5,0,0], C' = [0,4, 1],

normdlovy vektor svira s vektorem k= (0,0,1) ostry thel. [20]
663. f: zi—xj +yk, Q je rovnobeznik s vrcholy A = [0,0,0], B=0,3,3|,

C =[-1,4,5], D = [—1,1,2] orientovan normélou 7 = (1, —1,1). [12]
664. f = (7,9,0), Q={[r,y,2] €E3;2=9—2*—y? 2 > 0}, normalovy vektor

1 = (n1,ne, ng) ma treti souradnici kladnou. [817]

2
665. [ = (y,—,2), Q={[z,y,7] 6E3;2=x2+%—4, y>0,2<0}, k<0
[127]
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666.

667.

668.

669.

670.

671.

672.

673.

f=(@y2), Q={r,yzebs;a2+1>=9,0<z<4}, i([3,0,0]) = —i.

[—72m]
f: (Z,ZL‘2—|—y2,1), Q:{[Ilf,y,z] €E3§2’2:$2+y2, ngéh}a ﬁ];:<0

[—h*]
f=(ya®+y), Q={lr,y.2] €Es;a® +y> =1 0< 2<h, y >0}
n°([b,0,0]) = 7. [b2hr]

2
f:(yv_xaz)v Q:{[xyyaz]e]E3aZ:4_m2_%7 9207 220}7 ﬁk>0

[127]
F=0%12%2%), Q={lr,y.2 €Bs;22=a?+y* 0<2<2}, k<0

(8]
f=(y32), Q={lr,y,2]€By; 2=+ +1, 1<2<2, 2>0,y>0},
L o> 7
B 2 22
7°([1,0,2]) = —k. [—64]
Vypocitejte plosny integral // ?dydz + 2 dedy, Q= {[z,y,z] € Es;

Q

22 +y* =22 0< 2z <1},7 svird tupy thel s vektorem k. [—g}
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