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                                                                                       … which?
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X is independent of Y <=> P(X≤x|Y≤y) = P(X≤x) ∀x,y.
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• What we can do with this? - Data model description, dependecy 
structure, forecasting, change detection, etc. etc.
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• Let us consider a finite set of states:  S = {a1, a2, …, an} along with the 
initial distribution, p =(p1, …, pn), where  pi = P[X0 = ai]

• In homogeneous case  pij(k) = pij, i.e. it does not depend on the time.     
Then the transition probability matrices P(k) are the same for all k =1, 2, 
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probability matrix P.

• The Markov chain is determined by the triple ( S, p, P ).
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(homogeneous case)
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Markov chain - the random walk with reflecting walls
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q            q          q             q          q           q           q            q  10-4 4-3 3-2 2-1

p            p          p             p          p           p           p            p

1-p-q   1-p-q     1-p-q    1-p-q     1-p-q    1-p-q     1-p-q     1-p-q      1-p-q p

q

P =

0

BBBBBBBBBBBB@

1� p� q p 0 0 0 0 0 0 q
q 1� p� q p 0 0 0 0 0 0
0 q 1� p� q p 0 0 0 0 0
0 0 q 1� p� q p 0 0 0 0
0 0 0 q 1� p� q p 0 0 0
0 0 0 0 q 1� p� q p 0 0
0 0 0 0 0 q 1� p� q p 0
0 0 0 0 0 0 q 1� p� q p
p 0 0 0 0 0 0 q 1� p� q

1
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Markov chain - the random walk without bounds

-4         -3         -2         -1          0        1          2           3          4

pq

p = (…, 0, 0, 0, 0, 1, 0, 0, 0, 0, …)

10-3 3-2 2-1

p            p          p             p          p           p           p            p

q            q          q             q          q           q           q            q

1-p-q     1-p-q    1-p-q     1-p-q    1-p-q     1-p-q     1-p-q

… …
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. . .
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...
...

...
...

...
...

· · · 1� p� q p 0 0 0 0 0 · · ·
· · · q 1� p� q p 0 0 0 0 · · ·
· · · 0 q 1� p� q p 0 0 0 · · ·
· · · 0 0 q 1� p� q p 0 0 · · ·
· · · 0 0 0 q 1� p� q p 0 · · ·
· · · 0 0 0 0 q 1� p� q p · · ·
· · · 0 0 0 0 0 q 1� p� q · · ·

...
...

...
...

...
...

...
. . .
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Markov chain - the birth and death process
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p = (…, 0, 0, 0, 0, 1, 0, 0, 0, 0, …)

10-3 3-2 2-1

p            p          p             p          p           p           p            p

q            q          q             q          q           q           q            q

1-p-q     1-p-q    1-p-q     1-p-q    1-p-q     1-p-q     1-p-q

… …
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0
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...

· · · 1� p� q p 0 0 0 0 0 · · ·
· · · q 1� p� q p 0 0 0 0 · · ·
· · · 0 q 1� p� q p 0 0 0 · · ·
· · · 0 0 q 1� p� q p 0 0 · · ·
· · · 0 0 0 q 1� p� q p 0 · · ·
· · · 0 0 0 0 q 1� p� q p · · ·
· · · 0 0 0 0 0 q 1� p� q · · ·

...
...

...
...

...
...

...
. . .
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(state = the population size)



work failure
pfail

pwork

S = {„work“, „fail“}
p = {1,0}

2-state unreliable system:

Markov chain - very simple homogeneous example



work failure
pfail

pwork

S = {„work“, „fail“}
p = {1,0}

2-state unreliable system:

Markov chain - very simple homogeneous example

P =

✓
1� pfail pfail
pwork 1� pwork

◆
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0 1
p1

p0

S = {0,1}
p = {1,0}

2-state unreliable system:

Markov chain - very simple homogeneous example

P =

✓
1� p1 p1
p0 1� p0

◆
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Markov chain - let’s go further!
pij(s, t) = P (Xt = j|Xs = i)
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Markov chain - let’s go further!
pij(s, t) = P (Xt = j|Xs = i)
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the marginal 
distribution



Theorem (Chapman-Kolmogorov formula):

Markov chain - let’s go further!
pij(s, t) = P (Xt = j|Xs = i)
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p(m)
ik

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(n�m)
kj

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(n)ij = P (Xt+n = j |Xt = i)
<latexit sha1_base64="0cI99glGTc/6kW2d7HEBcmQTd6k=">AAACDHicbVDLSgMxFM34rPVVdelmsAgtljJjxQdYKLhxWcE+oK1DJk3btJnMkNwRyjgf4MZfceNCEbd+gDv/xvSBqPVA4HDOudzc4wacKbCsT2NufmFxaTmxklxdW9/YTG1tV5UfSkIrxOe+rLtYUc4ErQADTuuBpNhzOa25g4uRX7ulUjFfXMMwoC0PdwXrMIJBS04qHTgR68c3UUZk42I5U3ciOBBxsd/M3TVzdQeKLKtTVt4aw5wl9pSk0RRlJ/XRbPsk9KgAwrFSDdsKoBVhCYxwGieboaIBJgPcpQ1NBfaoakXjY2JzXytts+NL/QSYY/XnRIQ9pYaeq5Mehp76643E/7xGCJ3TVsREEAIVZLKoE3ITfHPUjNlmkhLgQ00wkUz/1SQ9LDEB3V9yXMLZCMffJ8+S6mHeLuQLV0fp0vm0jgTaRXsog2x0gkroEpVRBRF0jx7RM3oxHown49V4m0TnjOnMDvoF4/0LLRSahw==</latexit>

= P (Xn = j |X0 = i)
<latexit sha1_base64="cIGOIRzJq3IWr2rG3HFkoRxDc8c=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkWoUEpixQdYKLhxWcG2gSaEyXTSjp1MwsxEKLHgr7hxoYhbv8Odf+MkLaLWAxcO59zLvff4MSVCmuanNje/sLi0XFgprq6tb2zqW9ttESUc4RaKaMRtHwpMCcMtSSTFdswxDH2KO/7wMvM7d5gLErEbOYqxG8I+IwFBUCrJ03frzbLtpWxcv3Uq907F9sw6OfT0klk1cxizxJqSEpii6ekfTi9CSYiZRBQK0bXMWLop5JIgisdFJxE4hmgI+7irKIMhFm6anz82DpTSM4KIq2LSyNWfEykMhRiFvuoMoRyIv14m/ud1ExmcuSlhcSIxQ5NFQUINGRlZFkaPcIwkHSkCESfqVgMNIIdIqsSKeQjnGU6+X54l7aOqVavWro9LjYtpHAWwB/ZBGVjgFDTAFWiCFkAgBY/gGbxoD9qT9qq9TVrntOnMDvgF7f0LHMuUaQ==</latexit>

p(n)i = P (Xn = i)
<latexit sha1_base64="Vi/9irRLyjlDDN0FcFInOTaE5ME=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR2k1JrfgACwU3LivYB7QxTKaTduhkEmYmQold+CtuXCji1t9w5984SYOo9cCFwzn3cu89bsioVJb1aeQWFpeWV/KrhbX1jc0tc3unLYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx13fJn4nTsiJA34jZqExPbRkFOPYqS05Jh7oUNv4xIvT2EdNktdh9dpGULHLFoVKwWcJ9WMFEGGpmN+9AcBjnzCFWZIyl7VCpUdI6EoZmRa6EeShAiP0ZD0NOXIJ9KO0/un8FArA+gFQhdXMFV/TsTIl3Liu7rTR2ok/3qJ+J/Xi5R3ZseUh5EiHM8WeRGDKoBJGHBABcGKTTRBWFB9K8QjJBBWOrJCGsJ5gpPvl+dJ+6hSrVVq18fFxkUWRx7sgwNQAlVwChrgCjRBC2BwDx7BM3gxHown49V4m7XmjGxmF/yC8f4F32OULg==</latexit>

the marginal 
distribution



Theorem (Chapman-Kolmogorov formula):
Let us consider a homogeneous Markov chain {Xk}k=1,2,… with finite set of 
states S = {a1, a2, …, as} and a transition probability matrix P. Then for any 
0 < m < n and any two states i,j  the following formula holds

p(n)ij =
sX

k=1

p(m)
ik p(n�m)

kj
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Markov chain - let’s go further!
pij(s, t) = P (Xt = j|Xs = i)
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Theorem (Chapman-Kolmogorov formula):
Let us consider a homogeneous Markov chain {Xk}k=1,2,… with finite set of 
states S = {a1, a2, …, as} and a transition probability matrix P. Then for any 
0 < m < n and any two states i,j  the following formula holds
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Markov chain - let’s go further!
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<latexit sha1_base64="Vi/9irRLyjlDDN0FcFInOTaE5ME=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR2k1JrfgACwU3LivYB7QxTKaTduhkEmYmQold+CtuXCji1t9w5984SYOo9cCFwzn3cu89bsioVJb1aeQWFpeWV/KrhbX1jc0tc3unLYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx13fJn4nTsiJA34jZqExPbRkFOPYqS05Jh7oUNv4xIvT2EdNktdh9dpGULHLFoVKwWcJ9WMFEGGpmN+9AcBjnzCFWZIyl7VCpUdI6EoZmRa6EeShAiP0ZD0NOXIJ9KO0/un8FArA+gFQhdXMFV/TsTIl3Liu7rTR2ok/3qJ+J/Xi5R3ZseUh5EiHM8WeRGDKoBJGHBABcGKTTRBWFB9K8QjJBBWOrJCGsJ5gpPvl+dJ+6hSrVVq18fFxkUWRx7sgwNQAlVwChrgCjRBC2BwDx7BM3gxHown49V4m7XmjGxmF/yC8f4F32OULg==</latexit>

p(n)i =
sX

k=1

p(n�1)
k pki

<latexit sha1_base64="s549+USbhVpLuyTBs+cgfqwgIbA=">AAACFXicbVDLSgMxFM3UV62vqks3wSK0oGXGig+wUHDjsoJ9QB9DJk3b0EwmJBmhDPMTbvwVNy4UcSu482/MtEXUeuDC4Zx7ufceTzCqtG1/WqmFxaXllfRqZm19Y3Mru71TV0EoManhgAWy6SFFGOWkpqlmpCkkQb7HSMMbXSV+445IRQN+q8eCdHw04LRPMdJGcrOHwqXdKM8LMSzDtgp9NxqVnbiroHBHiXHkFGJhRBpD6GZzdtGeAM4TZ0ZyYIaqm/1o9wIc+oRrzJBSLccWuhMhqSlmJM60Q0UEwiM0IC1DOfKJ6kSTr2J4YJQe7AfSFNdwov6ciJCv1Nj3TKeP9FD99RLxP68V6v55J6JchJpwPF3UDxnUAUwigj0qCdZsbAjCkppbIR4iibA2QWYmIVwkOP1+eZ7Uj4tOqVi6OclVLmdxpMEe2Ad54IAzUAHXoApqAIN78AiewYv1YD1Zr9bbtDVlzWZ2wS9Y7185l524</latexit>

~p(n) = ~p(n�1).P
<latexit sha1_base64="LolYXPQlBM2QFjBH9nGCqmjmu5Y=">AAACDHicbVDLSgMxFM34rPVVdekmWIR24TBjxQcoFNy4rGAf0I4lk6ZtaCYzJJlCGeYD3Pgrblwo4tYPcOffmJkOUq0HAifnnEtyjxswKpVlfRkLi0vLK6u5tfz6xubWdmFntyH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd3Sd+M0xEZL6/E5NAuJ4aMBpn2KktNQtFDtjgqMgvo9KvBzDKzhzP7LLsVmDUKcs00oB54mdkSLIUOsWPjs9H4ce4QozJGXbtgLlREgoihmJ851QkgDhERqQtqYceUQ6UbpMDA+10oN9X+jDFUzV2YkIeVJOPFcnPaSG8q+XiP957VD1z52I8iBUhOPpQ/2QQeXDpBnYo4JgxSaaICyo/ivEQyQQVrq/fFrCRYLTn5XnSePYtCtm5fakWL3M6siBfXAASsAGZ6AKbkAN1AEGD+AJvIBX49F4Nt6M92l0wchm9sAvGB/fYZGaAQ==</latexit>

for the marginal distribution: , or in matrix form:



Theorem (Chapman-Kolmogorov formula):
Let us consider a homogeneous Markov chain {Xk}k=1,2,… with finite set of 
states S = {a1, a2, …, as} and a transition probability matrix P. Then for any 
0 < m < n and any two states i,j  the following formula holds

p(n)ij =
sX

k=1

p(m)
ik p(n�m)

kj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Markov chain - let’s go further!

~⇡ = ~⇡.P
<latexit sha1_base64="e+FbCh0YGizP9D2O9NlCBPDJcA4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4CokVryAQsGNywr2Ak0ok+mkHTqZhJlJoYbiq7hxoYhb38Odb+MkDaLWHwY+/nMO58zvx4xKZdufRmlhcWl5pbxaWVvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZH11m9PSZC0ojfqUlMvBANOA0oRkpbPXPPHRPsxhRewYKsBuyZVduyc8F5cAqogkKNnvnh9iOchIQrzJCUXceOlZcioShmZFpxE0lihEdoQLoaOQqJ9NL8+ik81E4fBpHQjyuYuz8nUhRKOQl93RkiNZR/a5n5X62bqODcSymPE0U4ni0KEgZVBLMoYJ8KghWbaEBYUH0rxEMkEFY6sEoewkWm0+8vz0Pr2HJqVu32pFq/LOIog31wAI6AA85AHdyABmgCDO7BI3gGL8aD8WS8Gm+z1pJRzOyCXzLevwDyvZRd</latexit>

lim
n!+1

~p(n) = ~⇡
<latexit sha1_base64="QNkue+uyt6tfVbMFK+LIHFHkYk0=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoFEpqxQcoFNy4rGAf0NQymU7aoZNJmLkplJCPcOOvuHGhiFsX7vwbk7aIWg9cOHPOvcy9xwkE12BZn0ZmYXFpeSW7mltb39jcMrd3GtoPFWV16gtftRyimeCS1YGDYK1AMeI5gjWd4VXqN0dMae7LWxgHrOORvuQupwQSqWsWbcG9biRt8Is2ly6MY3vEaBTEd1FBHsb4EqdvO+AYd828VbImwPOkPCN5NEOta37YPZ+GHpNABdG6XbYC6EREAaeCxTk71CwgdEj6rJ1QSTymO9HkqBgfJEoPu75KSgKeqD8nIuJpPfacpNMjMNB/vVT8z2uH4J51Ii6DEJik04/cUGDwcZoQ7nHFKIhxQghVPNkV0wFRhEKSY24SwnmKk++T50njqFSulCo3x/nqxSyOLNpD+6iAyugUVdE1qqE6ougePaJn9GI8GE/Gq/E2bc0Ys5ld9AvG+xdtb56A</latexit>

If there exists                          (stationary distribution) then  

pij(s, t) = P (Xt = j|Xs = i)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(n)ij = P (Xt+n = j |Xt = i)
<latexit sha1_base64="0cI99glGTc/6kW2d7HEBcmQTd6k=">AAACDHicbVDLSgMxFM34rPVVdelmsAgtljJjxQdYKLhxWcE+oK1DJk3btJnMkNwRyjgf4MZfceNCEbd+gDv/xvSBqPVA4HDOudzc4wacKbCsT2NufmFxaTmxklxdW9/YTG1tV5UfSkIrxOe+rLtYUc4ErQADTuuBpNhzOa25g4uRX7ulUjFfXMMwoC0PdwXrMIJBS04qHTgR68c3UUZk42I5U3ciOBBxsd/M3TVzdQeKLKtTVt4aw5wl9pSk0RRlJ/XRbPsk9KgAwrFSDdsKoBVhCYxwGieboaIBJgPcpQ1NBfaoakXjY2JzXytts+NL/QSYY/XnRIQ9pYaeq5Mehp76643E/7xGCJ3TVsREEAIVZLKoE3ITfHPUjNlmkhLgQ00wkUz/1SQ9LDEB3V9yXMLZCMffJ8+S6mHeLuQLV0fp0vm0jgTaRXsog2x0gkroEpVRBRF0jx7RM3oxHown49V4m0TnjOnMDvoF4/0LLRSahw==</latexit>

= P (Xn = j |X0 = i)
<latexit sha1_base64="cIGOIRzJq3IWr2rG3HFkoRxDc8c=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkWoUEpixQdYKLhxWcG2gSaEyXTSjp1MwsxEKLHgr7hxoYhbv8Odf+MkLaLWAxcO59zLvff4MSVCmuanNje/sLi0XFgprq6tb2zqW9ttESUc4RaKaMRtHwpMCcMtSSTFdswxDH2KO/7wMvM7d5gLErEbOYqxG8I+IwFBUCrJ03frzbLtpWxcv3Uq907F9sw6OfT0klk1cxizxJqSEpii6ekfTi9CSYiZRBQK0bXMWLop5JIgisdFJxE4hmgI+7irKIMhFm6anz82DpTSM4KIq2LSyNWfEykMhRiFvuoMoRyIv14m/ud1ExmcuSlhcSIxQ5NFQUINGRlZFkaPcIwkHSkCESfqVgMNIIdIqsSKeQjnGU6+X54l7aOqVavWro9LjYtpHAWwB/ZBGVjgFDTAFWiCFkAgBY/gGbxoD9qT9qq9TVrntOnMDvgF7f0LHMuUaQ==</latexit>

p(n)i = P (Xn = i)
<latexit sha1_base64="Vi/9irRLyjlDDN0FcFInOTaE5ME=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR2k1JrfgACwU3LivYB7QxTKaTduhkEmYmQold+CtuXCji1t9w5984SYOo9cCFwzn3cu89bsioVJb1aeQWFpeWV/KrhbX1jc0tc3unLYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx13fJn4nTsiJA34jZqExPbRkFOPYqS05Jh7oUNv4xIvT2EdNktdh9dpGULHLFoVKwWcJ9WMFEGGpmN+9AcBjnzCFWZIyl7VCpUdI6EoZmRa6EeShAiP0ZD0NOXIJ9KO0/un8FArA+gFQhdXMFV/TsTIl3Liu7rTR2ok/3qJ+J/Xi5R3ZseUh5EiHM8WeRGDKoBJGHBABcGKTTRBWFB9K8QjJBBWOrJCGsJ5gpPvl+dJ+6hSrVVq18fFxkUWRx7sgwNQAlVwChrgCjRBC2BwDx7BM3gxHown49V4m7XmjGxmF/yC8f4F32OULg==</latexit>

p(n)i =
sX

k=1

p(n�1)
k pki

<latexit sha1_base64="s549+USbhVpLuyTBs+cgfqwgIbA=">AAACFXicbVDLSgMxFM3UV62vqks3wSK0oGXGig+wUHDjsoJ9QB9DJk3b0EwmJBmhDPMTbvwVNy4UcSu482/MtEXUeuDC4Zx7ufceTzCqtG1/WqmFxaXllfRqZm19Y3Mru71TV0EoManhgAWy6SFFGOWkpqlmpCkkQb7HSMMbXSV+445IRQN+q8eCdHw04LRPMdJGcrOHwqXdKM8LMSzDtgp9NxqVnbiroHBHiXHkFGJhRBpD6GZzdtGeAM4TZ0ZyYIaqm/1o9wIc+oRrzJBSLccWuhMhqSlmJM60Q0UEwiM0IC1DOfKJ6kSTr2J4YJQe7AfSFNdwov6ciJCv1Nj3TKeP9FD99RLxP68V6v55J6JchJpwPF3UDxnUAUwigj0qCdZsbAjCkppbIR4iibA2QWYmIVwkOP1+eZ7Uj4tOqVi6OclVLmdxpMEe2Ad54IAzUAHXoApqAIN78AiewYv1YD1Zr9bbtDVlzWZ2wS9Y7185l524</latexit>

~p(n) = ~p(n�1).P
<latexit sha1_base64="LolYXPQlBM2QFjBH9nGCqmjmu5Y=">AAACDHicbVDLSgMxFM34rPVVdekmWIR24TBjxQcoFNy4rGAf0I4lk6ZtaCYzJJlCGeYD3Pgrblwo4tYPcOffmJkOUq0HAifnnEtyjxswKpVlfRkLi0vLK6u5tfz6xubWdmFntyH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd3Sd+M0xEZL6/E5NAuJ4aMBpn2KktNQtFDtjgqMgvo9KvBzDKzhzP7LLsVmDUKcs00oB54mdkSLIUOsWPjs9H4ce4QozJGXbtgLlREgoihmJ851QkgDhERqQtqYceUQ6UbpMDA+10oN9X+jDFUzV2YkIeVJOPFcnPaSG8q+XiP957VD1z52I8iBUhOPpQ/2QQeXDpBnYo4JgxSaaICyo/ivEQyQQVrq/fFrCRYLTn5XnSePYtCtm5fakWL3M6siBfXAASsAGZ6AKbkAN1AEGD+AJvIBX49F4Nt6M92l0wchm9sAvGB/fYZGaAQ==</latexit>

for the marginal distribution: , or in matrix form:
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<latexit sha1_base64="oPDdMxJHjbIJLq6ecAappdBIA5M="></latexit>
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P =
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p0 1� p0

◆

<latexit sha1_base64="oPDdMxJHjbIJLq6ecAappdBIA5M="></latexit>

~⇡ = ~⇡.P
<latexit sha1_base64="e+FbCh0YGizP9D2O9NlCBPDJcA4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4CokVryAQsGNywr2Ak0ok+mkHTqZhJlJoYbiq7hxoYhb38Odb+MkDaLWHwY+/nMO58zvx4xKZdufRmlhcWl5pbxaWVvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZH11m9PSZC0ojfqUlMvBANOA0oRkpbPXPPHRPsxhRewYKsBuyZVduyc8F5cAqogkKNnvnh9iOchIQrzJCUXceOlZcioShmZFpxE0lihEdoQLoaOQqJ9NL8+ik81E4fBpHQjyuYuz8nUhRKOQl93RkiNZR/a5n5X62bqODcSymPE0U4ni0KEgZVBLMoYJ8KghWbaEBYUH0rxEMkEFY6sEoewkWm0+8vz0Pr2HJqVu32pFq/LOIog31wAI6AA85AHdyABmgCDO7BI3gGL8aD8WS8Gm+z1pJRzOyCXzLevwDyvZRd</latexit>



0 1
p1

p0

S = {0,1}
p = {1,0}

2-state unreliable system:

Markov chain - very simple homogeneous example

P =

✓
1� p1 p1
p0 1� p0

◆

<latexit sha1_base64="oPDdMxJHjbIJLq6ecAappdBIA5M="></latexit>

~⇡ = ~⇡.P
<latexit sha1_base64="e+FbCh0YGizP9D2O9NlCBPDJcA4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4CokVryAQsGNywr2Ak0ok+mkHTqZhJlJoYbiq7hxoYhb38Odb+MkDaLWHwY+/nMO58zvx4xKZdufRmlhcWl5pbxaWVvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZH11m9PSZC0ojfqUlMvBANOA0oRkpbPXPPHRPsxhRewYKsBuyZVduyc8F5cAqogkKNnvnh9iOchIQrzJCUXceOlZcioShmZFpxE0lihEdoQLoaOQqJ9NL8+ik81E4fBpHQjyuYuz8nUhRKOQl93RkiNZR/a5n5X62bqODcSymPE0U4ni0KEgZVBLMoYJ8KghWbaEBYUH0rxEMkEFY6sEoewkWm0+8vz0Pr2HJqVu32pFq/LOIog31wAI6AA85AHdyABmgCDO7BI3gGL8aD8WS8Gm+z1pJRzOyCXzLevwDyvZRd</latexit>

PT~⇡T = ~⇡T
<latexit sha1_base64="ifKr8geOyyuGTGpYAV+lZ6EuZBY=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclseIFFApuXFboDZq0TKaTduhkEmYmhRK68VXcuFDErY/hzrdxkoai1h8GPv5zDmfO70WMSmVZX8bS8srq2npho7i5tb2za+7tN2UYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlje7SemtMhKQhr6tJRNwADTj1KUZKWz3zsNatO2OCnYh26/B2jj2zZJWtTHAR7BxKIFetZ346/RDHAeEKMyRlx7Yi5SZIKIoZmRadWJII4REakI5GjgIi3SQ7YApPtNOHfij04wpm7s+JBAVSTgJPdwZIDeXfWmr+V+vEyr9yE8qjWBGOZ4v8mEEVwjQN2KeCYMUmGhAWVP8V4iESCCudWTEL4TrVxfzkRWiele1KufJwXqre5HEUwBE4BqfABpegCu5BDTQABlPwBF7Aq/FoPBtvxvusdcnIZw7ALxkf3/0eliM=</latexit>



0 1
p1
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S = {0,1}
p = {1,0}

2-state unreliable system:

Markov chain - very simple homogeneous example

P =

✓
1� p1 p1
p0 1� p0

◆

<latexit sha1_base64="oPDdMxJHjbIJLq6ecAappdBIA5M="></latexit>

~⇡ = ~⇡.P
<latexit sha1_base64="e+FbCh0YGizP9D2O9NlCBPDJcA4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4CokVryAQsGNywr2Ak0ok+mkHTqZhJlJoYbiq7hxoYhb38Odb+MkDaLWHwY+/nMO58zvx4xKZdufRmlhcWl5pbxaWVvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZH11m9PSZC0ojfqUlMvBANOA0oRkpbPXPPHRPsxhRewYKsBuyZVduyc8F5cAqogkKNnvnh9iOchIQrzJCUXceOlZcioShmZFpxE0lihEdoQLoaOQqJ9NL8+ik81E4fBpHQjyuYuz8nUhRKOQl93RkiNZR/a5n5X62bqODcSymPE0U4ni0KEgZVBLMoYJ8KghWbaEBYUH0rxEMkEFY6sEoewkWm0+8vz0Pr2HJqVu32pFq/LOIog31wAI6AA85AHdyABmgCDO7BI3gGL8aD8WS8Gm+z1pJRzOyCXzLevwDyvZRd</latexit>

PT~⇡T = ~⇡T
<latexit sha1_base64="ifKr8geOyyuGTGpYAV+lZ6EuZBY=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclseIFFApuXFboDZq0TKaTduhkEmYmhRK68VXcuFDErY/hzrdxkoai1h8GPv5zDmfO70WMSmVZX8bS8srq2npho7i5tb2za+7tN2UYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlje7SemtMhKQhr6tJRNwADTj1KUZKWz3zsNatO2OCnYh26/B2jj2zZJWtTHAR7BxKIFetZ346/RDHAeEKMyRlx7Yi5SZIKIoZmRadWJII4REakI5GjgIi3SQ7YApPtNOHfij04wpm7s+JBAVSTgJPdwZIDeXfWmr+V+vEyr9yE8qjWBGOZ4v8mEEVwjQN2KeCYMUmGhAWVP8V4iESCCudWTEL4TrVxfzkRWiele1KufJwXqre5HEUwBE4BqfABpegCu5BDTQABlPwBF7Aq/FoPBtvxvusdcnIZw7ALxkf3/0eliM=</latexit>

(PT � I)~⇡T = ~0
<latexit sha1_base64="0A6v7ljBfFRIz9npminUqwTLaj8=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoS4siRUvoFBwo7sKvUGTlsl00g6dXJiZFEoobnwVNy4UcetTuPNtnKRBvP0w8PGfczhzfidkVEjD+NByc/MLi0v55cLK6tr6hr651RRBxDFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3SV1FtjwgUN/LqchMT20MCnLsVIKqun75Rq3frhzYE1JtgKabcOLxOMjWlPLxplIxX8C2YGRZCp1tPfrX6AI4/4EjMkRMc0QmnHiEuKGZkWrEiQEOERGpCOQh95RNhxesIU7iunD92Aq+dLmLrfJ2LkCTHxHNXpITkUv2uJ+V+tE0n3zI6pH0aS+Hi2yI0YlAFM8oB9ygmWbKIAYU7VXyEeIo6wVKkV0hDOE518nfwXmkdls1Ku3B4XqxdZHHmwC/ZACZjgFFTBNaiBBsDgDjyAJ/Cs3WuP2ov2OmvNadnMNvgh7e0TVoaWPw==</latexit>

✓
�p1 p0
p1 �p0

◆✓
⇡0

⇡1

◆
=

✓
0
0

◆

<latexit sha1_base64="pXYiZiO4s3NMWTDyfU5XwfTghVg="></latexit>

⇡0 + ⇡1 = 1
<latexit sha1_base64="yjQPayTWPUqW0yoV3gie8qyVEFc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFEISSWPECCgU3LivYC7QhTKaTduhkEmYmQgkBX8WNC0Xc+hzufBvTNIhafxj4+M85nDO/F3GmtGV9GnPzC4tLy6WV8ura+samubXdUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3up7U2/dUKhaKOz2OqBPggWA+I1hnlmvu9iLmJlaKjlBOdoqukO2aFatq5UKzYBdQgUIN1/zo9UMSB1RowrFSXduKtJNgqRnhNC33YkUjTEZ4QLsZChxQ5ST5+Sk6yJw+8kOZPaFR7v6cSHCg1Djwss4A66H6W5uY/9W6sfbPnYSJKNZUkOkiP+ZIh2iSBeozSYnm4wwwkSy7FZEhlpjoLLFyHsLFRKffX56F1nHVrlVrtyeV+mURRwn2YB8OwYYzqMMNNKAJBBJ4hGd4MR6MJ+PVeJu2zhnFzA78kvH+BeDSlEA=</latexit>
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S = {0,1}
p = {1,0}

2-state unreliable system:

Markov chain - very simple homogeneous example

P =

✓
1� p1 p1
p0 1� p0

◆

<latexit sha1_base64="oPDdMxJHjbIJLq6ecAappdBIA5M="></latexit>

~⇡ = ~⇡.P
<latexit sha1_base64="e+FbCh0YGizP9D2O9NlCBPDJcA4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4CokVryAQsGNywr2Ak0ok+mkHTqZhJlJoYbiq7hxoYhb38Odb+MkDaLWHwY+/nMO58zvx4xKZdufRmlhcWl5pbxaWVvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZH11m9PSZC0ojfqUlMvBANOA0oRkpbPXPPHRPsxhRewYKsBuyZVduyc8F5cAqogkKNnvnh9iOchIQrzJCUXceOlZcioShmZFpxE0lihEdoQLoaOQqJ9NL8+ik81E4fBpHQjyuYuz8nUhRKOQl93RkiNZR/a5n5X62bqODcSymPE0U4ni0KEgZVBLMoYJ8KghWbaEBYUH0rxEMkEFY6sEoewkWm0+8vz0Pr2HJqVu32pFq/LOIog31wAI6AA85AHdyABmgCDO7BI3gGL8aD8WS8Gm+z1pJRzOyCXzLevwDyvZRd</latexit>
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Continuous time
• Homogeneous process:     pij(s,t) = pij(t-s)

• Transition intensities:

•  qii = intensity of persistence in the state si 

• the distribution of persistence in   the state si  ~ Exp(-qii) 

• the transition intenzities matrix:
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Continuous time
• Homogeneous process:     pij(s,t) = pij(t-s)

• Transition intensities:

•  qii = intensity of persistence in the state si 

• the distribution of persistence in   the state si  ~ Exp(-qii) 

• the transition intenzities matrix:

• the system of Kolmogorov differential equations:
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d

dt
~p(t) = ~p(t) ·Q
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Continuous time

• Inhomogeneous process:     pij(s,t),  transition intensities:

qii(t) = lim
h!0+

pii(t, t+ h)� 1

h
, qij(t) = lim

h!0+

pij(t, t+ h)

h
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Semi-Markov process

https://www.sciencedirect.com/topics/computer-science/semi-markov-process



• Random process with values in S = {a1, a2, …, as} . 

• Transitions between states occur in  random times                                      only. 

• Transitions follow some Markov process in discrete time wit transition matrix P 
(nested Markov process). 

• Let Fij(t) be a transition cdf between states i and j. Denote H the matrix of  Fij(t).  

• Semi-Markov process is given by the triple (p, P, H). 

• The process                                        is homogeneous Markov process.             

• Markov process in continuous time can be interpreted as a semi-Markov process 
with exponential persistence times. 
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Semi-Markov process - very simple example

0 1
q01

q10

2-state system with Pareto distribution 
(power law):

https://en.wikipedia.org/wiki/Pareto_distribution
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<latexit sha1_base64="2LBiFpD1Xz3rCnog93JKJ8iFcrQ=">AAACHnicbZBLS8NAFIUn9VXrK+rSTbCIFbEkWl+gUHDjsoJ9QFPKZDpph04ezNwIJeSXuPGvuHGhiOBK/42TNohaDwwcvnOHmXuckDMJpvmp5WZm5+YX8ouFpeWV1TV9faMhg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8SvPmHRWSBf4tjELa8XDfZy4jGBTq6sdh19wtwd7lge0KTGIb83CAkxgSFSi+n2GHQkYtRbt60SybYxnTxspMEWWqdfV3uxeQyKM+EI6lbFtmCJ0YC2CE06RgR5KGmAxxn7aV9bFHZScer5cYO4r0DDcQ6vhgjOnPGzH2pBx5jpr0MAzk3yyF/2XtCNyzTsz8MALqk8lDbsQNCIy0K6PHBCXAR8pgIpj6q0EGWPUBqtHCuITzVCffK0+bxmHZOipXbirF6kVWRx5toW1UQhY6RVV0jWqojgi6R4/oGb1oD9qT9qq9TUZzWnZnE/2S9vEFJzuiCg==</latexit>

p01(t) =
↵

t
p0(t)�

�

t
p1(t)

<latexit sha1_base64="SONO/yP2C3COYTVnFbsA6KAN6DU=">AAACHXicbZDLSsNAFIYn9VbrrerSTbCIdWFJtHgBhYIblxXsBdoSJtNJO3SSDDMnQgl9ETe+ihsXirhwI76NkzSIWn8Y+PnOOZw5vys4U2BZn0Zubn5hcSm/XFhZXVvfKG5uNVUYSUIbJOShbLtYUc4C2gAGnLaFpNh3OW25o6uk3rqjUrEwuIWxoD0fDwLmMYJBI6dYFY69X4aDy64nMYm7mIshnsQwEY6l8WGGXQoZtTV1iiWrYqUyZ42dmRLKVHeK791+SCKfBkA4VqpjWwJ6MZbACKeTQjdSVGAywgPa0TbAPlW9OL1uYu5p0je9UOoXgJnSnxMx9pUa+67u9DEM1d9aAv+rdSLwznoxC0QENCDTRV7ETQjNJCqzzyQlwMfaYCKZ/qtJhljnATrQQhrCeaKT75NnTfOoYh9XqjfVUu0iiyOPdtAuKiMbnaIaukZ11EAE3aNH9IxejAfjyXg13qatOSOb2Ua/ZHx8AbiSodY=</latexit>

p0(0) = 1, p1(0) = 0
<latexit sha1_base64="jMoKuFEm3/xgEyTt9qEIFBuJqwU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZ0eIDFApuXFawD2iHIZNm2tBMZkgyQhnqxl9x40IRt/6FO//GzHQQtR4SODnnXm7u8SJGpbKsT6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6vUb98RIWnIb9U4Ik6ABpz6FCOlJdfciVyrYh1c2oewB9MTuXb6tlyzbFWtDHCW2DkpgxwN1/zo9UMcB4QrzJCUXduKlJMgoShmZFLqxZJECI/QgHQ15Sgg0kmyDSZwXyt96IdCX65gpv7sSFAg5TjwdGWA1FD+9VLxP68bK//MSSiPYkU4ng7yYwZVCNM4YJ8KghUba4KwoPqvEA+RQFjp0EpZCOcpTr5XniWto6p9XK3d1Mr1izyOItgFe6ACbHAK6uAaNEATYHAPHsEzeDEejCfj1XiblhaMvGcb/ILx/gV5ipMt</latexit>

Kolmogorov dif. eq.:

Stationary distribution: lim
t!1

~p(t) = ~⇡
<latexit sha1_base64="BzFqbMZ8sL623ONw6PucfFmLlwM=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAV6qakVryAQsGNywr2Ak0pk+mkHTqZhJmTQgl9ATe+ihsXirh17863MUmDqPWHgY//nMOZ8zuB4Bos69PILSwuLa/kVwtr6xubW+b2TlP7oaKsQX3hq7ZDNBNcsgZwEKwdKEY8R7CWM7pO6q0xU5r78g4mAet6ZCC5yymB2OqZB7bgXi8CG3ybSxcmU3vMKA5KcISvcMJ2wHtm0SpbqfA8VDIookz1nvlh930aekwCFUTrTsUKoBsRBZwKNi3YoWYBoSMyYJ0YJfGY7kbpNVN8GDt97PoqfhJw6v6ciIin9cRz4k6PwFD/rSXmf7VOCO55N+IyCIFJOlvkhgKDj5NocJ8rRkFMYiBU8fivmA6JIhTiAAtpCBeJTr9PnofmcblSLVdvT4q1yyyOPNpD+6iEKugM1dANqqMGougePaJn9GI8GE/Gq/E2a80Z2cwu+iXj/QsdIZut</latexit>

0 = ~⇡ ·Q
<latexit sha1_base64="q+uzef9b+VOlWdlI7/yNuf82PIc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVVIrPkCh4MZlC/YBTSiTyaQdOpkJM5NCCf0TNy4UceufuPNvnKRB1HrgwuGce7n3Hj9mVGnH+bRKK6tr6xvlzcrW9s7unr1/0FUikZh0sGBC9n2kCKOcdDTVjPRjSVDkM9LzJ3eZ35sSqajgD3oWEy9CI05DipE20tC2nVt3SrAbUxcHQsP20K46NScHXCb1glRBgdbQ/nADgZOIcI0ZUmpQd2LtpUhqihmZV9xEkRjhCRqRgaEcRUR5aX75HJ4YJYChkKa4hrn6cyJFkVKzyDedEdJj9dfLxP+8QaLDKy+lPE404XixKEwY1AJmMcCASoI1mxmCsKTmVojHSCKsTViVPITrDBffLy+T7lmt3qg12ufV5k0RRxkcgWNwCurgEjTBPWiBDsBgCh7BM3ixUuvJerXeFq0lq5g5BL9gvX8Bt2yTLw==</latexit>

⇡0 =
�

↵+ �
, ⇡1 =

↵

↵+ �
<latexit sha1_base64="tNQ9dflipBHx4m8UGU3BIUyDqzc=">AAACMnicbVDLSgMxFM34rPVVdekmWARBKTNafIBCwY3uKtgHdEq5k2ba0MyDJCOUod/kxi8RXOhCEbd+hOnMKNp6QuDk3HO5uccJOZPKNJ+Nmdm5+YXF3FJ+eWV1bb2wsVmXQSQIrZGAB6LpgKSc+bSmmOK0GQoKnsNpwxlcjuuNOyokC/xbNQxp24Oez1xGQGmpU7i2Q9YxL2xXAIlthyoYxTbwsA/76esA2+nRPuvblxgmjJ1C0SyZCfA0sTJSRBmqncKj3Q1I5FFfEQ5StiwzVO0YhGKE01HejiQNgQygR1ua+uBR2Y6TlUd4Vytd7AZCX1/hRP3dEYMn5dBztNMD1ZeTtbH4X60VKfe0HTM/jBT1STrIjThWAR7nh7tMUKL4UBMggum/YtIHnYrSKeeTEM7GOP5ZeZrUD0vWUal8Uy5WzrM4cmgb7aA9ZKETVEFXqIpqiKB79IRe0ZvxYLwY78ZHap0xsp4t9AfG5xfdx6qu</latexit> https://en.wikipedia.org/wiki/Pareto_distribution

Semi-Markov process - very simple example



p01(t, t+ h) =
↵

t
h+ o(h), h ! 0+

<latexit sha1_base64="gkfgY5KM2F2loq/l4p/yiM/Npa4="></latexit>

p10(t, t+ h) =
�

t
h+ o(h), h ! 0+

<latexit sha1_base64="XuBXGFCOFxFqxaMry/EbSSq2ly4="></latexit>

q10(t) =
�

t
<latexit sha1_base64="nVp189R/XyAEzAtdn7R6f/+7eoo=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQL2FGgxsIAS8eI5gFkhB6Oj1Jk57F7hohDHPw4q948aCIVz/Cm39jzySIGh8UPN6roqqeEwquwLI+jdzC4tLySn61sLa+sbllbu80VRBJyho0EIFsO0QxwX3WAA6CtUPJiOcI1nLGl6nfumNS8cC/gUnIeh4Z+tzllICW+mbxth/bVlKGA3yBu64kNO46DEgSQ9I3S1bFyoDniT0jJTRDvW9+dAcBjTzmAxVEqY5thdCLiQROBUsK3UixkNAxGbKOpj7xmOrF2RMJ3tfKALuB1OUDztSfEzHxlJp4ju70CIzUXy8V//M6EbinvZj7YQTMp9NFbiQwBDhNBA+4ZBTERBNCJde3YjoiOgnQuRWyEM5SHH+/PE+ahxX7qFK9rpZq57M48qiI9lAZ2egE1dAVqqMGougePaJn9GI8GE/Gq/E2bc0Zs5ld9AvG+xe8fZeo</latexit>

q01(t) =
↵

t
<latexit sha1_base64="rP/+xYgGAiFCaMfyq5A9XnwXTLQ=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhXsKMBjcQAl48RjALJGHo6fQkTXoWu2uEMMzFi7/ixYMiXv0Hb/6NnWQQNT4oeLxXRVU9NxJcgWV9Grm5+YXFpfxyYWV1bX3D3NxqqDCWlNVpKELZcoliggesDhwEa0WSEd8VrOkOL8d+845JxcPgBkYR6/qkH3CPUwJacszdWyex7LQEB/gCdzxJaNIhIhqQNIHUMYtW2ZoAzxI7I0WUoeaYH51eSGOfBUAFUaptWxF0EyKBU8HSQidWLCJ0SPqsrWlAfKa6yeSLFO9rpYe9UOoKAE/UnxMJ8ZUa+a7u9AkM1F9vLP7ntWPwTrsJD6IYWECni7xYYAjxOBLc45JRECNNCJVc34rpgOgoQAdXmIRwNsbx98uzpHFYto/KletKsXqexZFHO2gPlZCNTlAVXaEaqiOK7tEjekYvxoPxZLwab9PWnJHNbKNfMN6/AIv4mBw=</latexit>

0 1
q01

q10

2-state system with Pareto distribution 
(power law):
P (T1  t) = F1(t) = 1�

⇣ t

⌧1

⌘�↵
, t � ⌧1

<latexit sha1_base64="bwvTHaxz6AtTPhvUq0EU7qQw8AU="></latexit>

P (T0  t) = F0(t) = 1�
⇣ t

⌧0

⌘��
, t � ⌧0

<latexit sha1_base64="4+hqHFjUqxfouaRkNrH0dTfrN44="></latexit>

p00(t) = �↵

t
p0(t) +

�

t
p1(t)

<latexit sha1_base64="2LBiFpD1Xz3rCnog93JKJ8iFcrQ=">AAACHnicbZBLS8NAFIUn9VXrK+rSTbCIFbEkWl+gUHDjsoJ9QFPKZDpph04ezNwIJeSXuPGvuHGhiOBK/42TNohaDwwcvnOHmXuckDMJpvmp5WZm5+YX8ouFpeWV1TV9faMhg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8SvPmHRWSBf4tjELa8XDfZy4jGBTq6sdh19wtwd7lge0KTGIb83CAkxgSFSi+n2GHQkYtRbt60SybYxnTxspMEWWqdfV3uxeQyKM+EI6lbFtmCJ0YC2CE06RgR5KGmAxxn7aV9bFHZScer5cYO4r0DDcQ6vhgjOnPGzH2pBx5jpr0MAzk3yyF/2XtCNyzTsz8MALqk8lDbsQNCIy0K6PHBCXAR8pgIpj6q0EGWPUBqtHCuITzVCffK0+bxmHZOipXbirF6kVWRx5toW1UQhY6RVV0jWqojgi6R4/oGb1oD9qT9qq9TUZzWnZnE/2S9vEFJzuiCg==</latexit>

p01(t) =
↵

t
p0(t)�

�

t
p1(t)

<latexit sha1_base64="SONO/yP2C3COYTVnFbsA6KAN6DU=">AAACHXicbZDLSsNAFIYn9VbrrerSTbCIdWFJtHgBhYIblxXsBdoSJtNJO3SSDDMnQgl9ETe+ihsXirhwI76NkzSIWn8Y+PnOOZw5vys4U2BZn0Zubn5hcSm/XFhZXVvfKG5uNVUYSUIbJOShbLtYUc4C2gAGnLaFpNh3OW25o6uk3rqjUrEwuIWxoD0fDwLmMYJBI6dYFY69X4aDy64nMYm7mIshnsQwEY6l8WGGXQoZtTV1iiWrYqUyZ42dmRLKVHeK791+SCKfBkA4VqpjWwJ6MZbACKeTQjdSVGAywgPa0TbAPlW9OL1uYu5p0je9UOoXgJnSnxMx9pUa+67u9DEM1d9aAv+rdSLwznoxC0QENCDTRV7ETQjNJCqzzyQlwMfaYCKZ/qtJhljnATrQQhrCeaKT75NnTfOoYh9XqjfVUu0iiyOPdtAuKiMbnaIaukZ11EAE3aNH9IxejAfjyXg13qatOSOb2Ua/ZHx8AbiSodY=</latexit>

p0(0) = 1, p1(0) = 0
<latexit sha1_base64="jMoKuFEm3/xgEyTt9qEIFBuJqwU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZ0eIDFApuXFawD2iHIZNm2tBMZkgyQhnqxl9x40IRt/6FO//GzHQQtR4SODnnXm7u8SJGpbKsT6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6vUb98RIWnIb9U4Ik6ABpz6FCOlJdfciVyrYh1c2oewB9MTuXb6tlyzbFWtDHCW2DkpgxwN1/zo9UMcB4QrzJCUXduKlJMgoShmZFLqxZJECI/QgHQ15Sgg0kmyDSZwXyt96IdCX65gpv7sSFAg5TjwdGWA1FD+9VLxP68bK//MSSiPYkU4ng7yYwZVCNM4YJ8KghUba4KwoPqvEA+RQFjp0EpZCOcpTr5XniWto6p9XK3d1Mr1izyOItgFe6ACbHAK6uAaNEATYHAPHsEzeDEejCfj1XiblhaMvGcb/ILx/gV5ipMt</latexit>

Kolmogorov dif. eq.:

Stationary distribution: lim
t!1

~p(t) = ~⇡
<latexit sha1_base64="BzFqbMZ8sL623ONw6PucfFmLlwM=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAV6qakVryAQsGNywr2Ak0pk+mkHTqZhJmTQgl9ATe+ihsXirh17863MUmDqPWHgY//nMOZ8zuB4Bos69PILSwuLa/kVwtr6xubW+b2TlP7oaKsQX3hq7ZDNBNcsgZwEKwdKEY8R7CWM7pO6q0xU5r78g4mAet6ZCC5yymB2OqZB7bgXi8CG3ybSxcmU3vMKA5KcISvcMJ2wHtm0SpbqfA8VDIookz1nvlh930aekwCFUTrTsUKoBsRBZwKNi3YoWYBoSMyYJ0YJfGY7kbpNVN8GDt97PoqfhJw6v6ciIin9cRz4k6PwFD/rSXmf7VOCO55N+IyCIFJOlvkhgKDj5NocJ8rRkFMYiBU8fivmA6JIhTiAAtpCBeJTr9PnofmcblSLVdvT4q1yyyOPNpD+6iEKugM1dANqqMGougePaJn9GI8GE/Gq/E2a80Z2cwu+iXj/QsdIZut</latexit>

0 = ~⇡ ·Q
<latexit sha1_base64="q+uzef9b+VOlWdlI7/yNuf82PIc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVVIrPkCh4MZlC/YBTSiTyaQdOpkJM5NCCf0TNy4UceufuPNvnKRB1HrgwuGce7n3Hj9mVGnH+bRKK6tr6xvlzcrW9s7unr1/0FUikZh0sGBC9n2kCKOcdDTVjPRjSVDkM9LzJ3eZ35sSqajgD3oWEy9CI05DipE20tC2nVt3SrAbUxcHQsP20K46NScHXCb1glRBgdbQ/nADgZOIcI0ZUmpQd2LtpUhqihmZV9xEkRjhCRqRgaEcRUR5aX75HJ4YJYChkKa4hrn6cyJFkVKzyDedEdJj9dfLxP+8QaLDKy+lPE404XixKEwY1AJmMcCASoI1mxmCsKTmVojHSCKsTViVPITrDBffLy+T7lmt3qg12ufV5k0RRxkcgWNwCurgEjTBPWiBDsBgCh7BM3ixUuvJerXeFq0lq5g5BL9gvX8Bt2yTLw==</latexit>

⇡0 =
�

↵+ �
, ⇡1 =

↵

↵+ �
<latexit sha1_base64="tNQ9dflipBHx4m8UGU3BIUyDqzc=">AAACMnicbVDLSgMxFM34rPVVdekmWARBKTNafIBCwY3uKtgHdEq5k2ba0MyDJCOUod/kxi8RXOhCEbd+hOnMKNp6QuDk3HO5uccJOZPKNJ+Nmdm5+YXF3FJ+eWV1bb2wsVmXQSQIrZGAB6LpgKSc+bSmmOK0GQoKnsNpwxlcjuuNOyokC/xbNQxp24Oez1xGQGmpU7i2Q9YxL2xXAIlthyoYxTbwsA/76esA2+nRPuvblxgmjJ1C0SyZCfA0sTJSRBmqncKj3Q1I5FFfEQ5StiwzVO0YhGKE01HejiQNgQygR1ua+uBR2Y6TlUd4Vytd7AZCX1/hRP3dEYMn5dBztNMD1ZeTtbH4X60VKfe0HTM/jBT1STrIjThWAR7nh7tMUKL4UBMggum/YtIHnYrSKeeTEM7GOP5ZeZrUD0vWUal8Uy5WzrM4cmgb7aA9ZKETVEFXqIpqiKB79IRe0ZvxYLwY78ZHap0xsp4t9AfG5xfdx6qu</latexit> https://en.wikipedia.org/wiki/Pareto_distribution

Semi-Markov process - very simple example



p01(t, t+ h) =
↵

t
h+ o(h), h ! 0+

<latexit sha1_base64="gkfgY5KM2F2loq/l4p/yiM/Npa4="></latexit>

p10(t, t+ h) =
�

t
h+ o(h), h ! 0+

<latexit sha1_base64="XuBXGFCOFxFqxaMry/EbSSq2ly4="></latexit>

q10(t) =
�

t
<latexit sha1_base64="nVp189R/XyAEzAtdn7R6f/+7eoo=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQL2FGgxsIAS8eI5gFkhB6Oj1Jk57F7hohDHPw4q948aCIVz/Cm39jzySIGh8UPN6roqqeEwquwLI+jdzC4tLySn61sLa+sbllbu80VRBJyho0EIFsO0QxwX3WAA6CtUPJiOcI1nLGl6nfumNS8cC/gUnIeh4Z+tzllICW+mbxth/bVlKGA3yBu64kNO46DEgSQ9I3S1bFyoDniT0jJTRDvW9+dAcBjTzmAxVEqY5thdCLiQROBUsK3UixkNAxGbKOpj7xmOrF2RMJ3tfKALuB1OUDztSfEzHxlJp4ju70CIzUXy8V//M6EbinvZj7YQTMp9NFbiQwBDhNBA+4ZBTERBNCJde3YjoiOgnQuRWyEM5SHH+/PE+ahxX7qFK9rpZq57M48qiI9lAZ2egE1dAVqqMGougePaJn9GI8GE/Gq/E2bc0Zs5ld9AvG+xe8fZeo</latexit>

q01(t) =
↵

t
<latexit sha1_base64="rP/+xYgGAiFCaMfyq5A9XnwXTLQ=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhXsKMBjcQAl48RjALJGHo6fQkTXoWu2uEMMzFi7/ixYMiXv0Hb/6NnWQQNT4oeLxXRVU9NxJcgWV9Grm5+YXFpfxyYWV1bX3D3NxqqDCWlNVpKELZcoliggesDhwEa0WSEd8VrOkOL8d+845JxcPgBkYR6/qkH3CPUwJacszdWyex7LQEB/gCdzxJaNIhIhqQNIHUMYtW2ZoAzxI7I0WUoeaYH51eSGOfBUAFUaptWxF0EyKBU8HSQidWLCJ0SPqsrWlAfKa6yeSLFO9rpYe9UOoKAE/UnxMJ8ZUa+a7u9AkM1F9vLP7ntWPwTrsJD6IYWECni7xYYAjxOBLc45JRECNNCJVc34rpgOgoQAdXmIRwNsbx98uzpHFYto/KletKsXqexZFHO2gPlZCNTlAVXaEaqiOK7tEjekYvxoPxZLwab9PWnJHNbKNfMN6/AIv4mBw=</latexit>

q00(t) = �↵

t
<latexit sha1_base64="hmoYJQc5SC1VDoKFFUQQS7bu94w=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoMQD4YZDW4gBLx4jGAWSMLQ0+lJmvQsdtcIYZiTF3/FiwdFvPoN3vwbO8kgbg8KHu9VUVXPjQRXYFkfRm5mdm5+Ib9YWFpeWV0z1zcaKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7rDi7HfvGVS8TC4hlHEuj7pB9zjlICWHHP7xkksKy3BHj7H+x1PEpp0iIgGJE0gdcyiVbYmwH+JnZEiylBzzPdOL6SxzwKggijVtq0IugmRwKlgaaETKxYROiR91tY0ID5T3WTyRop3tdLDXih1BYAn6veJhPhKjXxXd/oEBuq3Nxb/89oxeCfdhAdRDCyg00VeLDCEeJwJ7nHJKIiRJoRKrm/FdEB0FKCTK0xCOB3j6Ovlv6RxULYPy5WrSrF6lsWRR1toB5WQjY5RFV2iGqojiu7QA3pCz8a98Wi8GK/T1pyRzWyiHzDePgH6BJhS</latexit>

q11(t) = ��

t
<latexit sha1_base64="Pj7j1g6vw3levWrCtiIq4cS/Sgw=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhHgwzGtxACHjxGMEskBlCT6cnadKz2F0jhGEuXvwVLx4U8eo/ePNv7CyI24OCx3tVVNXzYsEVWNaHkZuZnZtfyC8WlpZXVtfM9Y2GihJJWZ1GIpItjygmeMjqwEGwViwZCTzBmt7gYuQ3b5lUPAqvYRgzNyC9kPucEtBSx9y+6aS2nZVgD5/jfceXhKaOx4BkKWQds2iVrTHwX2JPSRFNUeuY7043oknAQqCCKNW2rRjclEjgVLCs4CSKxYQOSI+1NQ1JwJSbjr/I8K5WutiPpK4Q8Fj9PpGSQKlh4OnOgEBf/fZG4n9eOwH/xE15GCfAQjpZ5CcCQ4RHkeAul4yCGGpCqOT6Vkz7RCcBOrjCOITTEY6+Xv5LGgdl+7BcuaoUq2fTOPJoC+2gErLRMaqiS1RDdUTRHXpAT+jZuDcejRfjddKaM6Yzm+gHjLdPLaCX4A==</latexit>

0 1
q01

q10

2-state system with Pareto distribution 
(power law):
P (T1  t) = F1(t) = 1�

⇣ t

⌧1

⌘�↵
, t � ⌧1

<latexit sha1_base64="bwvTHaxz6AtTPhvUq0EU7qQw8AU="></latexit>

P (T0  t) = F0(t) = 1�
⇣ t

⌧0

⌘��
, t � ⌧0

<latexit sha1_base64="4+hqHFjUqxfouaRkNrH0dTfrN44="></latexit>

p00(t) = �↵

t
p0(t) +

�

t
p1(t)

<latexit sha1_base64="2LBiFpD1Xz3rCnog93JKJ8iFcrQ=">AAACHnicbZBLS8NAFIUn9VXrK+rSTbCIFbEkWl+gUHDjsoJ9QFPKZDpph04ezNwIJeSXuPGvuHGhiOBK/42TNohaDwwcvnOHmXuckDMJpvmp5WZm5+YX8ouFpeWV1TV9faMhg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8SvPmHRWSBf4tjELa8XDfZy4jGBTq6sdh19wtwd7lge0KTGIb83CAkxgSFSi+n2GHQkYtRbt60SybYxnTxspMEWWqdfV3uxeQyKM+EI6lbFtmCJ0YC2CE06RgR5KGmAxxn7aV9bFHZScer5cYO4r0DDcQ6vhgjOnPGzH2pBx5jpr0MAzk3yyF/2XtCNyzTsz8MALqk8lDbsQNCIy0K6PHBCXAR8pgIpj6q0EGWPUBqtHCuITzVCffK0+bxmHZOipXbirF6kVWRx5toW1UQhY6RVV0jWqojgi6R4/oGb1oD9qT9qq9TUZzWnZnE/2S9vEFJzuiCg==</latexit>

p01(t) =
↵

t
p0(t)�

�

t
p1(t)

<latexit sha1_base64="SONO/yP2C3COYTVnFbsA6KAN6DU=">AAACHXicbZDLSsNAFIYn9VbrrerSTbCIdWFJtHgBhYIblxXsBdoSJtNJO3SSDDMnQgl9ETe+ihsXirhwI76NkzSIWn8Y+PnOOZw5vys4U2BZn0Zubn5hcSm/XFhZXVvfKG5uNVUYSUIbJOShbLtYUc4C2gAGnLaFpNh3OW25o6uk3rqjUrEwuIWxoD0fDwLmMYJBI6dYFY69X4aDy64nMYm7mIshnsQwEY6l8WGGXQoZtTV1iiWrYqUyZ42dmRLKVHeK791+SCKfBkA4VqpjWwJ6MZbACKeTQjdSVGAywgPa0TbAPlW9OL1uYu5p0je9UOoXgJnSnxMx9pUa+67u9DEM1d9aAv+rdSLwznoxC0QENCDTRV7ETQjNJCqzzyQlwMfaYCKZ/qtJhljnATrQQhrCeaKT75NnTfOoYh9XqjfVUu0iiyOPdtAuKiMbnaIaukZ11EAE3aNH9IxejAfjyXg13qatOSOb2Ua/ZHx8AbiSodY=</latexit>

p0(0) = 1, p1(0) = 0
<latexit sha1_base64="jMoKuFEm3/xgEyTt9qEIFBuJqwU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZ0eIDFApuXFawD2iHIZNm2tBMZkgyQhnqxl9x40IRt/6FO//GzHQQtR4SODnnXm7u8SJGpbKsT6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6vUb98RIWnIb9U4Ik6ABpz6FCOlJdfciVyrYh1c2oewB9MTuXb6tlyzbFWtDHCW2DkpgxwN1/zo9UMcB4QrzJCUXduKlJMgoShmZFLqxZJECI/QgHQ15Sgg0kmyDSZwXyt96IdCX65gpv7sSFAg5TjwdGWA1FD+9VLxP68bK//MSSiPYkU4ng7yYwZVCNM4YJ8KghUba4KwoPqvEA+RQFjp0EpZCOcpTr5XniWto6p9XK3d1Mr1izyOItgFe6ACbHAK6uAaNEATYHAPHsEzeDEejCfj1XiblhaMvGcb/ILx/gV5ipMt</latexit>

Kolmogorov dif. eq.:

Stationary distribution: lim
t!1

~p(t) = ~⇡
<latexit sha1_base64="BzFqbMZ8sL623ONw6PucfFmLlwM=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAV6qakVryAQsGNywr2Ak0pk+mkHTqZhJmTQgl9ATe+ihsXirh17863MUmDqPWHgY//nMOZ8zuB4Bos69PILSwuLa/kVwtr6xubW+b2TlP7oaKsQX3hq7ZDNBNcsgZwEKwdKEY8R7CWM7pO6q0xU5r78g4mAet6ZCC5yymB2OqZB7bgXi8CG3ybSxcmU3vMKA5KcISvcMJ2wHtm0SpbqfA8VDIookz1nvlh930aekwCFUTrTsUKoBsRBZwKNi3YoWYBoSMyYJ0YJfGY7kbpNVN8GDt97PoqfhJw6v6ciIin9cRz4k6PwFD/rSXmf7VOCO55N+IyCIFJOlvkhgKDj5NocJ8rRkFMYiBU8fivmA6JIhTiAAtpCBeJTr9PnofmcblSLVdvT4q1yyyOPNpD+6iEKugM1dANqqMGougePaJn9GI8GE/Gq/E2a80Z2cwu+iXj/QsdIZut</latexit>

0 = ~⇡ ·Q
<latexit sha1_base64="q+uzef9b+VOlWdlI7/yNuf82PIc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVVIrPkCh4MZlC/YBTSiTyaQdOpkJM5NCCf0TNy4UceufuPNvnKRB1HrgwuGce7n3Hj9mVGnH+bRKK6tr6xvlzcrW9s7unr1/0FUikZh0sGBC9n2kCKOcdDTVjPRjSVDkM9LzJ3eZ35sSqajgD3oWEy9CI05DipE20tC2nVt3SrAbUxcHQsP20K46NScHXCb1glRBgdbQ/nADgZOIcI0ZUmpQd2LtpUhqihmZV9xEkRjhCRqRgaEcRUR5aX75HJ4YJYChkKa4hrn6cyJFkVKzyDedEdJj9dfLxP+8QaLDKy+lPE404XixKEwY1AJmMcCASoI1mxmCsKTmVojHSCKsTViVPITrDBffLy+T7lmt3qg12ufV5k0RRxkcgWNwCurgEjTBPWiBDsBgCh7BM3ixUuvJerXeFq0lq5g5BL9gvX8Bt2yTLw==</latexit>

⇡0 =
�

↵+ �
, ⇡1 =

↵

↵+ �
<latexit sha1_base64="tNQ9dflipBHx4m8UGU3BIUyDqzc=">AAACMnicbVDLSgMxFM34rPVVdekmWARBKTNafIBCwY3uKtgHdEq5k2ba0MyDJCOUod/kxi8RXOhCEbd+hOnMKNp6QuDk3HO5uccJOZPKNJ+Nmdm5+YXF3FJ+eWV1bb2wsVmXQSQIrZGAB6LpgKSc+bSmmOK0GQoKnsNpwxlcjuuNOyokC/xbNQxp24Oez1xGQGmpU7i2Q9YxL2xXAIlthyoYxTbwsA/76esA2+nRPuvblxgmjJ1C0SyZCfA0sTJSRBmqncKj3Q1I5FFfEQ5StiwzVO0YhGKE01HejiQNgQygR1ua+uBR2Y6TlUd4Vytd7AZCX1/hRP3dEYMn5dBztNMD1ZeTtbH4X60VKfe0HTM/jBT1STrIjThWAR7nh7tMUKL4UBMggum/YtIHnYrSKeeTEM7GOP5ZeZrUD0vWUal8Uy5WzrM4cmgb7aA9ZKETVEFXqIpqiKB79IRe0ZvxYLwY78ZHap0xsp4t9AfG5xfdx6qu</latexit> https://en.wikipedia.org/wiki/Pareto_distribution

Semi-Markov process - very simple example



p01(t, t+ h) =
↵

t
h+ o(h), h ! 0+

<latexit sha1_base64="gkfgY5KM2F2loq/l4p/yiM/Npa4="></latexit>

p10(t, t+ h) =
�

t
h+ o(h), h ! 0+

<latexit sha1_base64="XuBXGFCOFxFqxaMry/EbSSq2ly4="></latexit>

q10(t) =
�

t
<latexit sha1_base64="nVp189R/XyAEzAtdn7R6f/+7eoo=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQL2FGgxsIAS8eI5gFkhB6Oj1Jk57F7hohDHPw4q948aCIVz/Cm39jzySIGh8UPN6roqqeEwquwLI+jdzC4tLySn61sLa+sbllbu80VRBJyho0EIFsO0QxwX3WAA6CtUPJiOcI1nLGl6nfumNS8cC/gUnIeh4Z+tzllICW+mbxth/bVlKGA3yBu64kNO46DEgSQ9I3S1bFyoDniT0jJTRDvW9+dAcBjTzmAxVEqY5thdCLiQROBUsK3UixkNAxGbKOpj7xmOrF2RMJ3tfKALuB1OUDztSfEzHxlJp4ju70CIzUXy8V//M6EbinvZj7YQTMp9NFbiQwBDhNBA+4ZBTERBNCJde3YjoiOgnQuRWyEM5SHH+/PE+ahxX7qFK9rpZq57M48qiI9lAZ2egE1dAVqqMGougePaJn9GI8GE/Gq/E2bc0Zs5ld9AvG+xe8fZeo</latexit>

q01(t) =
↵

t
<latexit sha1_base64="rP/+xYgGAiFCaMfyq5A9XnwXTLQ=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhXsKMBjcQAl48RjALJGHo6fQkTXoWu2uEMMzFi7/ixYMiXv0Hb/6NnWQQNT4oeLxXRVU9NxJcgWV9Grm5+YXFpfxyYWV1bX3D3NxqqDCWlNVpKELZcoliggesDhwEa0WSEd8VrOkOL8d+845JxcPgBkYR6/qkH3CPUwJacszdWyex7LQEB/gCdzxJaNIhIhqQNIHUMYtW2ZoAzxI7I0WUoeaYH51eSGOfBUAFUaptWxF0EyKBU8HSQidWLCJ0SPqsrWlAfKa6yeSLFO9rpYe9UOoKAE/UnxMJ8ZUa+a7u9AkM1F9vLP7ntWPwTrsJD6IYWECni7xYYAjxOBLc45JRECNNCJVc34rpgOgoQAdXmIRwNsbx98uzpHFYto/KletKsXqexZFHO2gPlZCNTlAVXaEaqiOK7tEjekYvxoPxZLwab9PWnJHNbKNfMN6/AIv4mBw=</latexit>

q00(t) = �↵

t
<latexit sha1_base64="hmoYJQc5SC1VDoKFFUQQS7bu94w=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoMQD4YZDW4gBLx4jGAWSMLQ0+lJmvQsdtcIYZiTF3/FiwdFvPoN3vwbO8kgbg8KHu9VUVXPjQRXYFkfRm5mdm5+Ib9YWFpeWV0z1zcaKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7rDi7HfvGVS8TC4hlHEuj7pB9zjlICWHHP7xkksKy3BHj7H+x1PEpp0iIgGJE0gdcyiVbYmwH+JnZEiylBzzPdOL6SxzwKggijVtq0IugmRwKlgaaETKxYROiR91tY0ID5T3WTyRop3tdLDXih1BYAn6veJhPhKjXxXd/oEBuq3Nxb/89oxeCfdhAdRDCyg00VeLDCEeJwJ7nHJKIiRJoRKrm/FdEB0FKCTK0xCOB3j6Ovlv6RxULYPy5WrSrF6lsWRR1toB5WQjY5RFV2iGqojiu7QA3pCz8a98Wi8GK/T1pyRzWyiHzDePgH6BJhS</latexit>

q11(t) = ��

t
<latexit sha1_base64="Pj7j1g6vw3levWrCtiIq4cS/Sgw=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhHgwzGtxACHjxGMEskBlCT6cnadKz2F0jhGEuXvwVLx4U8eo/ePNv7CyI24OCx3tVVNXzYsEVWNaHkZuZnZtfyC8WlpZXVtfM9Y2GihJJWZ1GIpItjygmeMjqwEGwViwZCTzBmt7gYuQ3b5lUPAqvYRgzNyC9kPucEtBSx9y+6aS2nZVgD5/jfceXhKaOx4BkKWQds2iVrTHwX2JPSRFNUeuY7043oknAQqCCKNW2rRjclEjgVLCs4CSKxYQOSI+1NQ1JwJSbjr/I8K5WutiPpK4Q8Fj9PpGSQKlh4OnOgEBf/fZG4n9eOwH/xE15GCfAQjpZ5CcCQ4RHkeAul4yCGGpCqOT6Vkz7RCcBOrjCOITTEY6+Xv5LGgdl+7BcuaoUq2fTOPJoC+2gErLRMaqiS1RDdUTRHXpAT+jZuDcejRfjddKaM6Yzm+gHjLdPLaCX4A==</latexit>

Q =

✓
�↵/t ↵/t
�/t ��/t

◆

<latexit sha1_base64="fRm13KomBAa20cKmg4sYL97aDZM="></latexit>

0 1
q01

q10

2-state system with Pareto distribution 
(power law):
P (T1  t) = F1(t) = 1�

⇣ t

⌧1

⌘�↵
, t � ⌧1

<latexit sha1_base64="bwvTHaxz6AtTPhvUq0EU7qQw8AU="></latexit>

P (T0  t) = F0(t) = 1�
⇣ t

⌧0

⌘��
, t � ⌧0

<latexit sha1_base64="4+hqHFjUqxfouaRkNrH0dTfrN44="></latexit>

p00(t) = �↵

t
p0(t) +

�

t
p1(t)

<latexit sha1_base64="2LBiFpD1Xz3rCnog93JKJ8iFcrQ=">AAACHnicbZBLS8NAFIUn9VXrK+rSTbCIFbEkWl+gUHDjsoJ9QFPKZDpph04ezNwIJeSXuPGvuHGhiOBK/42TNohaDwwcvnOHmXuckDMJpvmp5WZm5+YX8ouFpeWV1TV9faMhg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8SvPmHRWSBf4tjELa8XDfZy4jGBTq6sdh19wtwd7lge0KTGIb83CAkxgSFSi+n2GHQkYtRbt60SybYxnTxspMEWWqdfV3uxeQyKM+EI6lbFtmCJ0YC2CE06RgR5KGmAxxn7aV9bFHZScer5cYO4r0DDcQ6vhgjOnPGzH2pBx5jpr0MAzk3yyF/2XtCNyzTsz8MALqk8lDbsQNCIy0K6PHBCXAR8pgIpj6q0EGWPUBqtHCuITzVCffK0+bxmHZOipXbirF6kVWRx5toW1UQhY6RVV0jWqojgi6R4/oGb1oD9qT9qq9TUZzWnZnE/2S9vEFJzuiCg==</latexit>

p01(t) =
↵

t
p0(t)�

�

t
p1(t)

<latexit sha1_base64="SONO/yP2C3COYTVnFbsA6KAN6DU=">AAACHXicbZDLSsNAFIYn9VbrrerSTbCIdWFJtHgBhYIblxXsBdoSJtNJO3SSDDMnQgl9ETe+ihsXirhwI76NkzSIWn8Y+PnOOZw5vys4U2BZn0Zubn5hcSm/XFhZXVvfKG5uNVUYSUIbJOShbLtYUc4C2gAGnLaFpNh3OW25o6uk3rqjUrEwuIWxoD0fDwLmMYJBI6dYFY69X4aDy64nMYm7mIshnsQwEY6l8WGGXQoZtTV1iiWrYqUyZ42dmRLKVHeK791+SCKfBkA4VqpjWwJ6MZbACKeTQjdSVGAywgPa0TbAPlW9OL1uYu5p0je9UOoXgJnSnxMx9pUa+67u9DEM1d9aAv+rdSLwznoxC0QENCDTRV7ETQjNJCqzzyQlwMfaYCKZ/qtJhljnATrQQhrCeaKT75NnTfOoYh9XqjfVUu0iiyOPdtAuKiMbnaIaukZ11EAE3aNH9IxejAfjyXg13qatOSOb2Ua/ZHx8AbiSodY=</latexit>

p0(0) = 1, p1(0) = 0
<latexit sha1_base64="jMoKuFEm3/xgEyTt9qEIFBuJqwU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZ0eIDFApuXFawD2iHIZNm2tBMZkgyQhnqxl9x40IRt/6FO//GzHQQtR4SODnnXm7u8SJGpbKsT6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6vUb98RIWnIb9U4Ik6ABpz6FCOlJdfciVyrYh1c2oewB9MTuXb6tlyzbFWtDHCW2DkpgxwN1/zo9UMcB4QrzJCUXduKlJMgoShmZFLqxZJECI/QgHQ15Sgg0kmyDSZwXyt96IdCX65gpv7sSFAg5TjwdGWA1FD+9VLxP68bK//MSSiPYkU4ng7yYwZVCNM4YJ8KghUba4KwoPqvEA+RQFjp0EpZCOcpTr5XniWto6p9XK3d1Mr1izyOItgFe6ACbHAK6uAaNEATYHAPHsEzeDEejCfj1XiblhaMvGcb/ILx/gV5ipMt</latexit>

Kolmogorov dif. eq.:

Stationary distribution: lim
t!1

~p(t) = ~⇡
<latexit sha1_base64="BzFqbMZ8sL623ONw6PucfFmLlwM=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAV6qakVryAQsGNywr2Ak0pk+mkHTqZhJmTQgl9ATe+ihsXirh17863MUmDqPWHgY//nMOZ8zuB4Bos69PILSwuLa/kVwtr6xubW+b2TlP7oaKsQX3hq7ZDNBNcsgZwEKwdKEY8R7CWM7pO6q0xU5r78g4mAet6ZCC5yymB2OqZB7bgXi8CG3ybSxcmU3vMKA5KcISvcMJ2wHtm0SpbqfA8VDIookz1nvlh930aekwCFUTrTsUKoBsRBZwKNi3YoWYBoSMyYJ0YJfGY7kbpNVN8GDt97PoqfhJw6v6ciIin9cRz4k6PwFD/rSXmf7VOCO55N+IyCIFJOlvkhgKDj5NocJ8rRkFMYiBU8fivmA6JIhTiAAtpCBeJTr9PnofmcblSLVdvT4q1yyyOPNpD+6iEKugM1dANqqMGougePaJn9GI8GE/Gq/E2a80Z2cwu+iXj/QsdIZut</latexit>

0 = ~⇡ ·Q
<latexit sha1_base64="q+uzef9b+VOlWdlI7/yNuf82PIc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVVIrPkCh4MZlC/YBTSiTyaQdOpkJM5NCCf0TNy4UceufuPNvnKRB1HrgwuGce7n3Hj9mVGnH+bRKK6tr6xvlzcrW9s7unr1/0FUikZh0sGBC9n2kCKOcdDTVjPRjSVDkM9LzJ3eZ35sSqajgD3oWEy9CI05DipE20tC2nVt3SrAbUxcHQsP20K46NScHXCb1glRBgdbQ/nADgZOIcI0ZUmpQd2LtpUhqihmZV9xEkRjhCRqRgaEcRUR5aX75HJ4YJYChkKa4hrn6cyJFkVKzyDedEdJj9dfLxP+8QaLDKy+lPE404XixKEwY1AJmMcCASoI1mxmCsKTmVojHSCKsTViVPITrDBffLy+T7lmt3qg12ufV5k0RRxkcgWNwCurgEjTBPWiBDsBgCh7BM3ixUuvJerXeFq0lq5g5BL9gvX8Bt2yTLw==</latexit>

⇡0 =
�

↵+ �
, ⇡1 =

↵

↵+ �
<latexit sha1_base64="tNQ9dflipBHx4m8UGU3BIUyDqzc=">AAACMnicbVDLSgMxFM34rPVVdekmWARBKTNafIBCwY3uKtgHdEq5k2ba0MyDJCOUod/kxi8RXOhCEbd+hOnMKNp6QuDk3HO5uccJOZPKNJ+Nmdm5+YXF3FJ+eWV1bb2wsVmXQSQIrZGAB6LpgKSc+bSmmOK0GQoKnsNpwxlcjuuNOyokC/xbNQxp24Oez1xGQGmpU7i2Q9YxL2xXAIlthyoYxTbwsA/76esA2+nRPuvblxgmjJ1C0SyZCfA0sTJSRBmqncKj3Q1I5FFfEQ5StiwzVO0YhGKE01HejiQNgQygR1ua+uBR2Y6TlUd4Vytd7AZCX1/hRP3dEYMn5dBztNMD1ZeTtbH4X60VKfe0HTM/jBT1STrIjThWAR7nh7tMUKL4UBMggum/YtIHnYrSKeeTEM7GOP5ZeZrUD0vWUal8Uy5WzrM4cmgb7aA9ZKETVEFXqIpqiKB79IRe0ZvxYLwY78ZHap0xsp4t9AfG5xfdx6qu</latexit> https://en.wikipedia.org/wiki/Pareto_distribution

Semi-Markov process - very simple example



Markov process - random walk (Brownian motion)

https://en.wikipedia.org/wiki/Brownian_motion



Markov process - random walk (Lévi flight)

https://en.wikipedia.org/wiki/Lévy_flight
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