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IT1.4. Fubiniova (Fubiniho) véta pro trojny integral

e Vypocitejte trojné integraly na danych mnozinach W C Ej :

Priklad 342. | = /// 2 dx dy dz;

{lz,y,2] €E3:0<2<z+y, 0<y<3, 0<2 <2}

Resent :

Y Y

I:/02</03</0x+y(:v2+y2)dz>dy)dx:/02(/03(x2+y2)[z]z+ydy)dx:
:/02</03(x2+y2)(x+y)dy>dx:/02(/03(963+372y+373/2+y3)dy>dﬁ:

2 2 4
_ Y ﬂy]d:/(:ﬁ Y2 19 8>d—
/O[:cy+2+3—|—40x ; l’—|—2l‘+&3—|—4 x

—[39544—3:6 +9x +§xr—@ |
4 2 2 471o 27

Priklad 343. [ = /// T2+ 1) dedydz;
w Y

W={[z,y,2] €EE3:0<z<1,1<y<e’ 0<2<2}

Regem’:l ) )
e | , 2211 e2 (z+1>3 2
(2 e [ [ (51 ol [
1 1 26
=—-2-9—-2)=—.
2 ( 3) 3 )

POZNAMKA: Je li funkce typu f(x,y,2) = g1(z) - g2(y) - 93(2) a mnozina D je kvadr
= {a, b) x {c, d) x (r, s), pak

// fz,y, 2 d:cdydz—/ g1(z) da - / (y)dy-/rsgg(z)dz.

Priklad 344.* I = /// 2ysinz dr dy dz;
W

W:{[:U,y, 2] €E3:0< 2 <sinw, 0 <y <sin®z, 0<2< = }

DO |

Resent :
02 2

/2 sin” x sinx /2 sin® x 24 sin
I:/ (/ </ ysinx-zSdz> dy) dx:/ </ ysinx-[—} dy) dr =
0 0 0 0 0 4Jo
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1 /2 sin? z 1 / y2 sin2 z 1 7r/2
:—/ (/ ysin5:1:dy>dx:—/ 81115:10-[—} dx:—/ sin’ x dx =
4 Jo 0 4 Jo 2o 8 Jo
dle Walli f le viz pf. 21 —18642 —16
(podle Wallisovy formule viz pt. 21 ) —8 9.7.5.3 315 .
dx dy d
Priklad 345. Vypocitejte / / / 1::_3; - kde W je ctyfstén omezeny rovinami
r+2y+32=6, =0, y—O, z=0.
Reseni : Obecnou rovnici roviny napiSeme v kanonickém tvaru % + % + % =1
y 0<z< 6 — xS— 2y
6 —x
r+2y==6 O<y< 5
0<x<6

(/02 (/03u+_gz)3dz>dy)dx:§/o (/j{ﬁ}o“@)dh
(/0 2 (2(7—;1—2y)2+%>d9>dx:%/0 /02 (“ﬁ)@)dw:
e Rt e I A G R ) K

I 1 1 x 6 12+In7 In7
12/0 (5 * x—7> T=p0r T g Tl =T 12 HT)

Priklad 346. Vypocitejte / / / y - cos(x + z)dr dydz, kde mnozina W je omezend
w

plochami y = v/z, y =0, 2 =0, :c—i—z:g.

Resent : z

Y s
T =—
2

[T veoster ) an)ae= [ ofswesn)] T ) ae =
[ (T sma) ) o= [T 00 sy ay) e -
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w/2 2.z 1 /2 1 297/2 1 w/2
:/ (1—sinm)-[y—} dzx = —/ (1—sinz)xdr = —[x—} ——/ rsinzdr =
0 2 2.Jo 2 0

r/Q T 1

e Vypocitejte integraly na mnozinach W, které jsou omezeny danymi plochami :

///< y+2)dvdydz, ”:3‘3—17?/——0731——:6,2——0,2—_\/5 [1 \/i]
w
///x ydz, W:ax=0,y=0,2=0, z=ay, s +y=1 [610]
w +

349. /// Pyl dedydz, W:oz=ay, y=2,y=1 2=0 [i}
w 364

350./// (x+y)dedydz, W:z2=0,y=0,2=0r=a,y=a, z=a>—1°—19°
w
5

5

351./// rzdrdydz, W:z=0,y=0,2=0 z+y=1 z=a’+y*+1 [L}
W 120

II1.5. Substituéni metoda pro trojny integral

e Spocitejte integraly substituci do cylindrickych soutadnic :

Jxr Ox Oz

T =TCosp 3 70 7w

Yy =rsing 5 890 5

zZ=w J = _y _y _y =r
or Jdp Ow

22 42 = 2 3 % e

Priklad 352. /// (2% +y*) dr dy dz,
w
W ={[z,y,2] €Es:2* +y*<az, 2<a, (a>0)}

Resent : z o, . , .
W je ¢ést vnittku rota¢niho paraboloidu :
2

r
m2+y2§az:7"2§aw:>—§w§a,
a

z=a: 2*+y’=a®>=1r?>=ad’

0<r<a, 0<¢p<2m

[l s [ frra)osen [ 21000
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2 a 2 4 64¢ 5 5 27.(.'@5 7TCL5
= [ tdp- [ ra=Z)dr=2rnja - =] —or (-5 = -
/0 4 /Or )T T eado T T\0 T 12 6

V tomto piikladé jsme mohli postupovat i bez pouziti cylindrickych souradnic. Mohli
2, 2
7 +y

jsme vyjadrit z primo : <z <a apotom vzit v ivahu prumét télesa

a
do roviny (zy), coz je fez télesa rovinou z =a tj. 2* +y*> < a*? a pouzit poldrni
soutfadnice pro dvojny integral. Tedy

//A/($2+y2)d$dydzz // </Zjiyz(:v2~l—y2)dz>dxdy:

r24y2<a

— // (x2+y2)[z};£dxdy: // (x2+y2)<a—w2zy2)dxdy:

a

x2+y2<a x2+y2<a
T =17Ccosp 0<r<a
y=rsing | 0<p<2rw

27 ra 2 5
:/ / r2(a—r—)rdrdcp:ﬂ. u
J=r o Jo a 6

Priklad 353. /// Va2 +yrdredydz,
w
W ={[r,y,2] €Ez: /22 + 32 <2<6—2a2%—19y*}

2z = \/x? 4+ y? je rovnice rotacni kuzelové plochy s vrcholem
v pocatku;

2z =06 — 22 —y? je rovnice rotaénfho paraboloidu.

Obé plochy maji spole¢nou osu rotace z, a proto se protinaji

v kruznici, jejiz polomér dostaneme ze soustavy :

{ 22 =2 12,

PSS Tedy 2 =6— 22 22+ 2—6=0,

(2—2)(2+3) = 0. Uloze vyhovuje feseni z = 2 = 22442 = 4.

r<w<6-—r?
Pouzijeme cylindrické souradnice a urcime piislusné meze : ¢ 0<r <2
0<p<2n

///W\/mdxdydz:/02ﬂ</02(/T6_T2r-wa> dr) dy =

4

w2 6r3 5 riy2 32 o6T
= 2612 —r)dr)dp=2r- |-~ = L] —or(16- = —a) = 2T,
/O</Or(6r r)dr) do N 7765 3
n

e Spocitejte integraly substituci do sférickych soutadnic :

T = T COoS P cosv O Or O

y = rsinp cos v ar  Jdp 0V

2z = rsind J — @ @ @ = r2cos?
T T or Odp O

r>0;0§g0<27r;—§<79<§5 0z 0z 0z

Pyt = or  dp O
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Priklad 354. /// Va4 y? + 22dxdy dz,
w

W={[z,y,2] €Eg:2? +9*+22<9, >0, y <0}

Resent :
z Z
x
3
x
Y
3
3
/// Vet +y?+ 2dedydz =| 5 S¢s2m | =
w ™ T
)
/2 2 3 w/2 27 3
= (/ (/ %r%osﬂdr)d@)dq?:/ cos ¥ di - 1dg0~/ r3dr =
—7/2 3m/2 0 —7/2 3m/2 0
© 81 81
=2-—— = —. ]

2 4 4
Priklad 355. /// (2 +y?) dr dy dz,
w
W=A{[r,y,2] €EE3:1<2*+y*+22<9, y>0, 2 <0}

Resent :

Z

+y*)drdydz =

3 22 +y2 =1r2cos? ¥
7 | dedydz=Jdrdedd | —
0

J =r%cos?

0 T 3 . ) ;
:/ (/ (/ r2c05219.r2cosq9d7“) dcp) dﬁ:/ cos319dq9./ 1d¢./ g
’ ! —71'/2 0 1

—7/2

/2 513 9 92492 484
:/ cos%?dﬁ‘wr[%] - .op. == r -
0

Priiklad 356. /// xydxdydz,
w

W={lry 2] B 245 12 <1, 020,420, 220

Reseni : Pouzijeme zobecnéné sférické souradnice.

Z /// rydrdydz =
w

x = 2rcos pcosv 0<r=<1

_| y=3rsinpcosy Tcp<n |
z = 2rsind 2 -
J = 12r2 cos ¢ Ofﬁgg
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:/g(/ﬂ</16rzsingocosgo005219-127"2cosq9d7°> dcp) di =
0 0

5.1 ) -
=[5 557
5o 2 z

.[2 1}__% z

3 5"

Priklad 357. Vypocitejte integral /// 23 dx dy dz,

W 2?2y 2
W =A{lx,y,z] €E3:2<0, y>0, 2>0,—+>5+ =<1
{[ Y ] 3. Y a2 b2 2 = }
Resent : Pouzijeme zobecnéné sférické souradnice :
0<r<1
x = ar cos p cos v -
y = brsinpcos? J = aber? cos v, g Spsmw
z = crsind ogﬁgg
g
/// zgdxdydz:/ / (/ Ardsin® 9 - aber? cosz?dr)dgo)dﬁ:
w 0 0

x 7r 1 49 6 4
9 1 b
:/2s1n31900s19d19-/ dcp/rdr—abc Sm }f[r—} _ T g
0 = o 2 L6lo 48
e Vypocitejte integraly :
1
358. /// dx dy dz,
w22yt 422 -4
W ={[r,y,2] €E3:2?+¢y*+22 <1,y >0, 2 <0} [W(g—l—lGlnS)}
359. /// *ydrdydz, W = {[z,y,2] €EE3:2<4—22—¢* y >0, z >0} [‘%i}
W
360. /// (P + ) dedydz, W = {[z,y,2] € By : da® + > + 2 < 1} [47]
) 21 9
361. // ViRt 22, dydz,
x2—|—y —1—22

7(3 - 3v3
5]

362. /// (2° +y* + 2°) do dy dz,
W
11

W ={[r,y,2] €Bg:a® =20 +y* <0, -1 <z <1} L]

363. /// xydxdydz,
w

W={[z,y,2] EE3:0<2*+22<4, 0<y<4—2>-2% x>0}

(Névod : cylindrické sout. © = rcosp,y = w,z = rsinp)

W={[z,y,2] EE3: 1< 2> +y*+22<2,2<0,y<0,2>0}

05 )
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